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Introduction 



These notes represent the written, expanded and improved version of a series 
of lectures given at the winter school "Representation theory and related topics" 
held at the ICTP in Trieste in January 2006, and at the summer school "Geometric 
mcithods in representation theory" held at Grenoble in June 2008. The topic for 
the lectures was "Hall algebras" and I have tried to give a survey of what I believe 
are the most fundamental results and examples in this area. The material was 
divided into five sections, each of which initially formed the content of (roughly) 
one lecture. These are, in order of appearance on the blackboard : 

• Lecture 1. Definition and first properties of (Ringcl-)Hall algebras, 

• Lecture 2. The Jordan quiver and the classical Hall algebra, 

• Lecture 3. Hall algebras of quivers and quantum groups, 

• Lecture 4. Hall algebras of curves and quantum loop groups, 

• Lecture 5. The Drinfeld double and Hall algebras in the derived setting. 

By lack of time, chalk, (and yes, competence !), I was not able to survey with 

the proper due respect several important results (notably Peng and Xiao's Hall Lie 
algebra associated to a 2-periodic derived category [PX2], Kapranov and Toen's 
versions of Hall algebras for derived categories, see [K3], [T], or the recent theory of 
Hall algebras of cluster categories, see [CC], [CK], or the recent use of Hall algebra 
techniques in counting invariants such as in Donaldson-Thomas theory, see [J2], 
[KS], [R4],...). These are thus largely absent from these notes. Also missing is 
the whole geometric theory of Hall algebras, initiated by Lusztig [L5] : although 
crucial for some important applications of Hall algebras (such as the theory of 
crystal or canonical bases in quantum groups), this theory requires a rather different 
array of techniques (from algebraic geometry and topology) and I chose not to 
include it here, but in the companion survey [S5]. More generally, I apologize to all 
those whose work deserves to appear in any reasonable survey on the topic, but is 
unfortunately not to be found in this one. Luckily, other texts are available, such 
as [R7], [R8], [H5]. There are essentially no new results in this text. 

Let me now describe in a few words the subject of these notes as well as the 
content of the various lectures. 

Roughly speaking, the Hall, or Ringel-Hall algebra of a (small) abelian 
category A encodes the structure of the space of extensions between objects in A. 
In slightly more precise terms, is defined to be the C- vector space with a basis 
consisting of symbols {[M]}, where M runs through the set of isomorphism classes 
of objects in A; the multiplication between two basis elements [M] and [N] is a 
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linear combination of elements [P] , where P runs through the set of extensions of 
M by A'' (i.e. middle terms of short exact sequences 0— >A''— >P— >M— >0), 
and the coefficient of [P] in this product is obtained by counting the number of 
ways in which P may be realized as an extension of M by iV (see Lecture 1 for 
details). Of course, for this counting procedure to make sense A has to satisfy 
certain strong finiteness conditions (which arc coined imder the term finitary), but 
there are still plenty of such abclian categories around. Another fruitful, slightly 
different (although equivalent) way of thinking about the Hall algebra H_4 is to 
consider it as the algebra of finitely supported functions on the "moduli space" 
A4_A of objects of A (which is nothing but the set of isoclasses of objects of A, 
equipped with the discrete topology), endowed with a natural convolution algebra 
structure (this is the point of view that leads to some more geometric versions of 
Hall algebras, as in [L5], [LI], [S4]). 

Thus, whether one likes to think about it in more algebraic or more geometric 
terms, Hall algebras provide rather subtle invariants of finitary abelian categories. 
Note that it is somehow the "first order" homological properties of the category A 
(i.e. the structure of the groups Ext^{M,N)) which directly enter the definition 
of H_4, but A may a priori be of arbitrary (even infinite) homological dimension. 
However, as discovered by Green [G4], when A is hereditary , i.e. of homological 
dimension one or less, it is possible to define a comultiplication A : H_4 H_4(g)H_4 
and, as was later realized by Xiao [XI], an antipode S : H^. These three 

operations are all compatible and endow (after a suitable and harmless twist which 
we prefer to ignore in this introduction) with the structure of a Hopf algebra. 
All these constructions are discussed in details in Lecture 1. 

As the reader can well imagine, the above formalism was invented only after 
some motivating examples were discovered. In fact, the above construction appears 
in various (dis)guises in domains such as modular or p-adic representation theory 
(in the form of the functors of parabolic induction/restriction), number theory 
and automorphic forms (Eisenstcin scries for function fields), and in the theory 
of symmetric functions. The first occurence of the concept of a Hall algebra can 
probably be traced back to the early days of the twentieth century in the work of 
E. Steinitz (a few years before P. Hall was born) which, in modern language, deals 
with the case of the category A of abelian p-groups for p a fixed prime number. 
This last example, the so-called classical Hall algebra is of particular interest due to 
its close relation to several fundamental objects in mathematics such as symmetric 
functions (see [Ml]), flag varieties and nilpotent cones. After studying in some 
details Steintiz's classical Hall algebra we briefly state some of the other occurences 
of (examples of) Hall algebras in Lecture 2. 

The interest for Hall algebras suddenly exploded after C. Ringel's groundbreak- 
ing discovery ([R5]) in the early 1990s that the Hall algebra Hj^^p q of the category 

of Fq-rcprcsentations of a Dynkin quiver Q (equiped with an arbitrary orientation) 
provides a realization of the positive part U(b) of the enveloping algebra U(0) of 
the simple complex Lie algebra g associated to the same Dynkin diagram (to be 
more precise, one gets a quantized enveloping algebra U„(g), where the deformation 
parameter v is related to the order q of the flnite field Fg). 

It is also at that time that the notion of a Hall algebra associated to a finitary 
category was formalized (see [R6]). These results were subsequently extended to 
arbitrary quivers in which case one gets (usually infinite-dimensional) Kac-Moody 
algebras, and were later completed by Green. The existence of a close relationship 
between the representation theory of quivers on one hand, and the structure of 
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simple or Kac-Moody Lie algebras on the other hand was well-known since the 
seminal work of Gabriel, Kac and others on the classification of indecomposable 
representations of quivers (sec [Gl], [Kl]). Hall algebras thus provide a concrete, 
beautiful (and useful !) realization of this correspondence. After recalling the 
forerunning results of Gabriel and Kac, we state and prove Ringel's and Green's 
fundamental theorems in the third Lecture. 

Apart from the categories of Fg-reprcsentations of quivers, a large source of fini- 
tary categories of global dimension one is provided by the categories Coh{X) of 
coherent sheaves on some smooth projective curve X defined over a finite field F,. 
As pointed out by Kapranov in [K2], the Hall algebra Hpo^(x) may be interpreted 
in the context of automorphic forms over the function field of X. Using this inter- 
pretation, he wrote down a set of relations satisfied by ^coh(x) for an arbitrary 
X (these relations involve as a main component the zeta function of X). These 
relations turn out to determine completely ^Coh(x) when X ~ but this is most 
likely not true in higher genus (see [SV2], however, for a combinatorial approach). 

In another direction, H. Lenzing discovered in the mid-80's some important gen- 
eralizations Coh{%.p^\) of the category CohiT^)- the so-called weighted projective 
lines- which depend on the choice of points Ai , . . . , G and multiplicities 
P\,. . . ,Pr € N associated to each point ([L2]). The category Coh{Xp^\) is heredi- 
tary and shares many properties with the categories Coh{X) of coherent sheaves on 
curves (not necessarily of genus zero). In fact, in good characteristics, Coh(Kp^x) is 
equivalent to the category of G-equivariant coherent sheaves on some curve Y acted 
upon by a finite group G, for which Y/G ~ P"'^. The Hall algebras Hpo/jjXp a) ^'"•^ 
studied in [S3] , where it is shown that they provide a realization of the positive part 
of quantized enveloping algebras of loop algebras of Kac-Moody algebras. Note that 
these algebras arc in general not Kac-Moody algebras : for instance when Xp ^ is of 
"genus one" one gets the double affine, or elliptic Lie algebras = s"*^^] © K 

for a Lie algebra g of type D4,Eq, £7 or Eg. Simultaneously, Crawley-Boevey was 
led in his beautiful work on the Deligne-Simpson problem [CBl] to study the classes 
of indecomposable sheaves in Coh{Xp^x) and found them to be related to loop alge- 
bras of Kac-Moody algebras as well (see [CB2]). The above results concerning Hall 
algebras of coherent sheaves on curves form the content of Lecture 4, and should 
be viewed as analogues, in the context of curves, of Gabriel's, Kac's and Ringel's 
theorems for quivers. 

Finally in the last lecture, we state various results and conjectures regarding 
the behavior of Hall algebras under derived equivalences. Recall that taking the 
Drinfeld double is a process which turns a Hopf algebra H into another one DH 
which is twice as big as H and which is self-dual; for instance the Drinfeld double 
of the positive part U„(b) of a quantized enveloping algebra is isomorphic to the 
whole quantized enveloping algebra Uvio)- The guiding heuristic principle -which 
has recently been established in a wide class of cases by T. Cramer [C]- is that 
although the Hall algebras H_4 and Hg of two derived equivalent finitary hereditary 
categories need not be isomorphic, their Drinfeld doubles DH^ and DHg should be. 
More generally, any fully faithful triangulated functor F : D^{A) D^{B) between 
derived categories should give rise to a homomorphism of algebras Fi, : DH_4 —>■ 
DHg. In particular, the group of autoequivalences of the derived category D''{A) 
is expected to act on DH^ by algebra automorphisms. As supporting example and 
motivation for the above principle, we show how the group Aut{D^{Coh{X))) for 
an elliptic curve X acts on DUcgf^f^x)- This action turns out to be the key point 
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in understanding the structure of the algebra T)llcoh(x) (the elliptic Hall algebra 
studied in [BSl]). 

A recent theorem of Happel [H2] states that any (connected) hereditary category 
which is Hnear over an algebraically closed field k and which possesses a tilting 
object (see Lecture 5.) is derived equivalent to either Repi^Q for some quiver Q or 
Coh{Xp^x) for some weighted projective line Xp Although the case of categories 
which arc linear over a finite field k is slightly more complicated (sec [HR], and 
also [RV]), if one believes the above heuristic principle then the results of Lectures 
3 and 4 essentially describe the Hall algebra of any finitary hereditary category 
which possesses a tilting object. Of course the case of finitary hereditary categories 
which do not possess a tilting object (this corresponds to curves of higher genus) 
is still very mysterious, as is the case of categories of higher global dimension (this 
corresponds to higher-dimensional varieties) for which virtually nothing is known. 

A final word concerning the style of these Lecture notes. They follow a leisurely 
pace and many examples are included and worked out in details. Nevertheless, 
because they are mostly (though not only !) aimed at people interested in repre- 
sentation theory of finite-dimensional algebras, I have decided to assume some basic 
homological algebra and, starting from Lecture 3, a little familiarity with quivers. 
On the other hand, I assume nothing from Lie algebras and quantum groups the- 
ory. Hence I have included in a long appendix a "crash course" on simple and 
Kac-Moody Lie algebras, loop algebras, and the corresponding quantum groups. 

The first four Lectures follow each other in a logical order, but a reader allergic 
to examples could well jump to Lecture 5 directly after Lecture 1. 
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Lecture 1. 

The aim of this first Lecture is to introduce in as much generahty as possible the 
notion of the Hall algebra of a finitray abelian category, and to describe in details 
all the extra structures (coproduct, antipode,...) which have been discovered over 
the time and which one can put on such an algebra. A final paragraph briefly dis- 
cusses some functoriality properties of this construction. Examples of Hall algebras 
abound in Lectures 2, 3 and 4, and the reader is invited to have a look at them as 
he proceeds through this first Lecture. 

1.1. Finitary categories 

A small abelian category A is called finitary if the following two conditions are 
satisfied : 

i) For any two objects M,N e Ob(^) wc have \Hom(M, N)\ < oo, 

ii) For any two objects M,N £ Oh{A) we have \Ext'^{M, N)\ < oo. 

In most, if not all examples of finitary categories which we will be considering 
in these notes, A is linear over some finite field ¥q, and we have 

(1.1) dim Hom{M,N) < oo, dim Ext^{M,N) < oo 

for any pair of objects M,N G Ob{A). Examples of such categories are provided 
by the categories Repf^Q of (finite dimensional) F^-represcntations of a quiver, 
or more generally by the categories Mod A of finite-dimensional representations 
of a finite-dimensional F^-algebra A. For another class of examples of a more 
geometric flavor, one may consider the categories Coh(X) of coherent sheaves on 
some projective scheme deflned over (the finiteness property (1.1) holds by a 
famous theorem of Scrre, see e.g. [H3]). 

Wc denote by K{A) the Grothendieck group (over Z) of an abelian category 
A. In most situations of interest for us, this will be a free Z-module. If .A is a 
finite length category (i.e. if any object of A has a finite composition sequence with 
simple factors) then K{A) is freely generated by the classes of the simple objects. 

1.2. Euler form and symmetric Euler form. 

Let A be a finitary category, and let us make the additional assumptions that 
gldim{A) < oo and that property ii) above is satisfied for the groups Ext{M,N) 
for alH^. For any two objects M, A'' of ^ we put 

(oo 
\{{i^Ext\M,N))^-^y 

Since A is of finite global dimension, Exf{M, N) = {0} for i » and the product 
is finite. Note that the definition of (M, A'') implicitly involves a choice of a square 
root. An easy application of the long exact sequences in homology associated to 
the functor Horn shows that (M, A'')^ only depend on the classes of M and N in 
the Grothendieck group and (1.2) thus defines a form { , )m '■ >^ ^i-^) ~^ 

which is called the (square root of the) multiplicative Euler form. It is also useful to 
introduce the multiplicative symmetric Euler form {M, N)m = {M, N)m • {N, M)m- 



^Here we implicitly assume that the groups Ext^ are well-defined. This is the case for all 
examples discussed above (modules over a finite-dimensional algebra, coherent sheaves over smooth 
projective varieties, ...). 
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When A is fc-linear then one usually considers additive versions of the Euler forms 
instead, which are defined by {M,N)a = Z^i(-l)'rfim Exf{M,N) and {M,N)a = 
{M,N)a + {N,M)a- In this very simple way, we have associated to any finitary 
/e-linear category a lattice {K{A),{ , )a), that is a (usually free and finite rank) 
Z-module equipped with a Z-valued symmetric bilinear form. As we will see, this 
seemingly rather coarse invariant already carries a lot of information regarding A. 

1.3. The name of the game. 

Let ^ be a finitary category. We now introduce the main character of these notes, 
namely the Hall algebra H_4 of A. Let X = Ob{A) / ~ be the set of isomorphism 
classes of objects in A. Consider a vector space 

H.^ - C[M] 
Mex 

linearly spanned by symbols [M], where M runs through X. We will now define a 
multiplication on H^. Given any three objects M, N, R, let denote the set of 

short exact sequences O^N^R^M^O, and put Pf:j = \Pm n\- Observe 
that is indeed finite since by assumption Hom{N, R) and Hom{R, M) are 

finite. For any object P, we put ap = \ Aut{P)\. 

Proposition 1.1 (Ringel, [R6]). The following defines on the structure of an 
associative algebra : 

(1.3) [M] ■ [N] = (M, NU -^P^^M 

^ aMO-N 

The unit i : C ^ Hyj is given by i(c) = c[0], where is the zero object of A. 

The proof of this result will be quite easy and natural once we have reinterpreted 
the above definition of from a slightly more geometric perspective. We view 
X as some kind of "moduli space of objects in A" , and as the set of finitely 
supported functions on X 

Ha = {f ■■ X ^ C \ supp(/) is finite } 

by identifying the symbol [M] with the characteristic function 1m- We claim that 
the product (1.3) can be rewritten as follows : 

(1-4) (/ • g){R) = WQ, Q)mf{RIQ)9{Q) 

Indeed, by bilinearity it is enough to check that (1.4) coincides with (1.3) when 
f = Im and g ~ Ij^. This is in turn a consequence of the following Lemma : 

Lemma 1.2. For any three objects M,N,R of A we have 

(1.5) —^'Plii^ = \{L(ZR\Lc:iNandRILc^M]\. 

Proof. The group Aut{M) x Aut{N) acts freely on ni quotient is 

canonically identified with the right-hand side of (1.5). / 

Proof of Proposition 1.1. It will be more convenient to formulate the proof using 

(1.4) rather than (1.3). Assume that / = 1m and g = Itv. Then the right-hand 
side of (1.4) is a function supported on the set {R} of extensions of M by N. As 
Ext^{M,N) is finite, there are only finitely many such extensions, hence 1m • Ijv 
does indeed belong to H^. By bilinearity it follows that f ■ g & H_4 for any 
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f,g € Ha- We now prove the associativity. Let f,g,h G and let M be an 
object of A. We compute 

(1.6) 

(/ • (ff ■ h)) (M) = {M/N, N)^f{M/N){g ■ h){N) 

NCM 

= {M/N,N)m{N/L,L)mf{M/N)g{N/L)h{L) 

NCM,LCN 

= Y {M/N,L)m{M/N,N/L)rn{N/L,L)mf{M/N)g{N/L)h{L) 

LCNCM 

where we have used the bihnearity of the multipUcative Euler form. Similarly, 
(1.7) 

((/ ■g)-h) (M) = J2 (M/R, R)m{f ■ g){M/R)h{R) 

RCM 

J2 {M/R,R)m{{M/R)/S,S)mfm/R)/S)g{S)h{R) 

RCM,SCM/R 

Observe that there is a natural bijcction S ^ S' between the set {5 | S* C M/R} 
and the set {S' \ R C S' C M} satisfying S S'/R and {M/R)/S c± M/S'. Using 
this, we may rewrite (1.7) as 

{M/S', R)m{S'/R, R)m{M/S', S'/R)mf{M/S')g{S'IR)h{R) 

RCS'CM 

which is none other than (1.6). This shows that the product is associative. The 
statement concerning the unit is obvious. / 

Remarks 1.3. i) As pointed out in the course of the proof of Proposition 1.1, the 
product [M] ■ [N] is a linear combination of elements [R] , where R is an extension 
of M by N. Hence, encodes the structure of the set of short exact sequences 
in A. In fact, as observed by A. Hubery [H5] it is possible to define a Hall algebra 
for any exact category satisfying the finiteness conditions of Section 1.1. 

ii) The algebra is naturally graded by the Grothendieck group K{A) of A: we 
have 

= H^[a], where H^[a] = C[M]. 

aeK{A) M=a 

iii) Assume that ^ is a semisimple category and let S = {Si}i^i be the set of simple 
objects. Then if i ^ j one easily checks that 

[Si]-[Sj] = [Si®Sj] = [Sj].[Si] 

[Si] ■ [Si] = \End{Si)\^/WEnd{Si)\ + l)[Si Si] 
and in fact H_4 is a free commutative polynomial algebra in the generators {[S'ijjig/. 

iv) In the case of a semisimple category A as above the algebra is commutative. 
However, this is a rather rare phenomenon : in general the set of extensions of 
M by iV and the set of extensions of A'' by M differ and the algebra is not 
commutative. 

v) The product of more than two elements also has an interpretation in terms of 
number of filtrations : if Mi, . . . , Mr are objects in A then 

[Ml] ■■■[Mr]^Y i n^*^- ^^j)- I {L. C • • • C Li = i? I Li/L,+, ~ M,} I ) [R]. 

R i<3 
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The integers Pm,n aJaN '^m,n usually called Hall numbers. We will give 
many examples of computations of Hall numbers and Hall algebras in the second, 
third and fourth Lectures. 

1.4. Green's coproduct. 

Let A denote again a fixed finitary category. The multiplication in H^i encodes, 
essentially, all the ways of putting an object M on top of an object N. It seems 
natural to try to define a dual operation, which breaks up a given object in all 
possible ways. This is exactly what Green's coproduct achieves. There is, however 
a subtle point here. Although there are (in finitary categories) only finitely many 
possible extensions between any two given object, there arc in general infinitely 
many ways of splitting any given object into two pieces. This explains why we are 
forced to consider certain completions of and (g) H^. 

We will again define the comultiplication in two (equivalent) ways, one purely 
algebraic and a second more geometric. For a, /3 £ K{A)^ set 

H^M§H^[/?]= n C[M]®C[iV], 

M=a,M=/3 
a,0 

In other words, H_4(X)Hyi is simply the space of all formal (infinite) linear combi- 
nations X^jvf N ^M,N [M] (g) [N]. 

Proposition 1.4 (Green, [G4]). The following defines on H_4 the structure of a 
topological coassociative coproduct : 

(1.8) A{[R]) = ^(M,iV)„— P«_j^[M] ® [N], 

M,N 

with counit e : H_4 C defined by e([M]) = 6m,o- 

Before giving a proof of this result, let us spell out the meaning of the word 
topological here. Formula (1.8) only defines a map A : H^(g)H^, and not 

A : H^(8)H^, as in a genuine coalgebra. Moreover, for the coassociativity 

to even make sense, we must check that the two maps (A(8)l)oA,(l(8)A)oA : 
H^(g)H^C5'H^ are well-defined (this is not obvious since we arc composing 
functions with values in spaces consisting of infinite sums). Luckily, this follows 
from the fact that A is finitary : indeed, the only terms in H^(8)Hyi which may 
contribute to [Mi] (g) [M2] (g [M3] in (A (g) 1) o A (resp. in (1 (g) A) o A) are of the 
form [N] (g) [Ms] for some extension N of Mi by M2 (resp. of the form [Mi] ig) A'' 
for some extension N of M2 by Mi), and there are only finitely many such terms. 

Proof of Proposition 1.4- The coassociativity is easily seen to be equivalent to the 
following set of relations, for any quadruple of objects (M, N, Q, R) : 

^(5,Q)„(M,Ar)„^pf, Pf = ^(7V,q)„(m,T)„^P^_qP^,^, 
g asaR ^ arOR 

which can be rewritten as 

-pS T>R _ ^ T>T -pR 

This last equality expresses in fact the associativity of the multiplication in H^: 
up to multiplication by the factor (M, N)m{M, Q)m{N, Q)m aMa^a ' left-hand 
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side is the coefficient of [R] in ([M] • [N]) ■ [Q] while the right-hand side is the 
coefficient of [R] in [M] ■{[N]-[Q]). / 

As for the product, there is a more "geometric" interpretation of the map A, at 
least when A is of global dimension at most one. Observe that, in the same way 
as Hj^ was identified with the set of finitely supported functions on X, we may 
identify H^'EjUa with the set of (arbitrary) functions on X x X. 

Proposition 1.5. Assume that gldim,{A) < 1. For any f : X C belonging to 
and for any objects M, N we have 

A(f)(M,N)= ^^'^^'"^ y f(x.), 

^•"^ ' \Ext\M,N)\ ^ 

where is the middle term of the extension of M by N which is associated to ^. 
Proof. To prove the Proposition, wc have to show that for any fixed objects M, N, R, 

(1-9) i;, aL ,ni ^ Ext\M,N) \X^^R}\ = (M, 7V)^-lp^^^. 
\Ext {M,N)\ an 

By definition, |{^ G Ext^{M, N) | ~ i?}| is equal to the number of equivalence 
classes of short exact sequences 

(1.10) ^N^^R—^M >0. 

The group Aut{R) acts on the set ^ of all exact sequences as above by (j)-{a, b) = 
{(f>oa, bo(j)~^) and two exact sequences (a, b) and (o', b') are equivalent if and only if 
there exists (j) e Aut{R) such that (a', b') = (j)-{a, b). We claim that the stabilizer of 
any short exact sequence (a, b) under the above action of Aut{R) is isomorphic to 
Hom{M, N). Indeed, (j)-{a,b) = (a, 6) if and only if wc have = Id : Im{a) 

R and if the induced map (j)' : R/Im{a) R/Im{a) is the identity. This holds 
exactly when <j)&Id® Hom{R/Im{a), Im{a)) ~ /d ® Hom{M, N). Therefore, we 
get |{$ e Ext\M,N) I ~ = \V^ j^\lE2Iim2m which (for hereditary A) 
immediately yields (1.9). / 

Remarks 1.6. Properties of the coproduct map A : H^(8)H^ are essentially 

dual to those of the multiplication map m : H^. Namely, 

i) The map A respects the grading by K{A), that is 

A(H^[7])C n H^H§H^[/3]- 

a+/3=7 

ii) For S a simple object we have A([S']) = [5*] eg) 1 + 1 ® [5] , i.e. [S] is a primitive 
element of H^t. The converse is not true (game : find some counterexamples in 
Lecture 2.). 

iii) As for the product, there is absolutely no reason for the coproduct to be co- 
commutative in general. 

iv) As A is coassociative, we may consider an iterated comultiplication A'' : — > 
H^(8) • • • (8)H^, which has the following interpretation : 



an 

Ml,..., Mr i<j 



X I {L^ C • • • C Li = E I Li/Li+i ~ Mi} I) [Ml] O • • • O [M„ 



LECTURES ON HALL ALGEBRAS 



11 



v) The coproduct A takes values in H^(8)Hyi (and not in the completion H^(g)H^) 
if and only if the following condition is satisfied : 

(1.11) Any fixed object R of A has only finitely many subobjects N c R. 

We will call this condition the finite subobjects condition. It holds for categories of 
representations of quivers (see Lecture 2, Lecture 3), but not for the categories of 
coherent sheaves on curves (Lecture 4). 

Let us finish this Section with a rather useful and completely general result. For 

7 G K{A), let 

be the sum of all objects in A of class 7 (this sum may be infinite for some categories, 
so strictly speaking 1^ belongs to the formal completion of H^). 



Lemma 1.7. Assume that gldim{A) < 1. Then we have 
(1.12) A(l^)= J2 (a,/3)m'la®l/3- 

a+/3=7 

Proof. By definition, for any objects M and N such that M = a and N = j3 the 
coefficient of the element [M] (g) [N] in A(l-y) is equal to (a, (i)m ^-^m n- I^om 
Yoneda's description of Ext^{M, N) we derive 

\Ext^{M, 7V)| = ^ I ({0 ^ TV A L M ^ Q}/Aut{L))\, 

L 

where the action of Aut{L) on the exact sequence IS given 

by the rule g ■ (a, b) = {ga, bg^^). It remains to observe that for any L the stabilizer 
of any such sequence is isomorphic to Hom{M, N), and thus 

/ m ^ 1 I R\ \E^i\M,N)\ , 



L 



proving (1.12). / 



1.5. The Hall bialgebra and Green's theorem. 

As we have seen, any finitary category A gives rise to a C- vector space which is 
both an algebra and a coalgebra (the latter in a topological sense) . It is natural to 
ask whether these two operations are compatible and endow H_4 with the structure 
of a bialgebra. This turns out to be false in general, but essentially true for hereditary 
categories (categories of global dimension at most one), as shown by Green [G4]. In 
this paragraph we explain the (difficult) proof of this important result. We make 
the assumption throughout that A is hereditary. 

First of all, it is necessary to slightly twist the mutiplication in H_4 : if 
X, y, z, w are homogeneous elements in of respective weight wt{x), wt{y), wt{z), 
wt{w) e K{A), we define a new multiplication by 

{x^y) ■ {z^w) = {wt{y) , wt{z))m {xz (g) yw) 

(i.e. we introduce an extra factor {'wt{y),wt{z))m of the symmetric Euler form 
when y "jumps over" z). 
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Next, we need to face the fact that A takes values in the completion H^(g)H^ 
rather than H^. The problem here is that the multiplication map 

(H^ H^) (H^ H^) ^ 

clearly doesn't extend to the completion. We will say that a product 

i 3 

of elements of Hyi0H^ is convergent if for any pair of objects i?, 5* in ^ the 
coefficient of [R] [S] in (a^ 6i) • {cj dj) is nonzero for only finitely many values 
of In this case of course the product is a wcU-dcfincd clement in H_40H_4. 

Luckily for us, the product of any two elements in the image of A converges, as the 
following Lemma shows : 

Lemma 1.8. Let M,N be objects in A. Then the product A([M]) ■ A([Ar]) con- 
verges. 

Proof. The coefficient of [Ti] [Li] is nonzero in A([M]) only if there exists a 
short exact sequence ^ Li ^ M — > Ti ^ 0. Similarly, the term [T2] [L2] 
appears in A ([A'']) only if there exists a sequence ^ L2 ^ N ^ T2 ^ 0. Now 
let R, S be objects in A. The coefficient of [S] in [Ti] • [T2] is nonzero only when 
there exists a sequence — > T2 ^ 5 — > Ti ^ 0, and [R] appears in [Li] ■ [L2] only 
when there exists a sequence — > L2 — * -R — * -^1 — *■ 0. But if all these conditions 
arc satisfied then Li is isomorphic to the image of a morphism R ^ M and T2 is 
isomorphic to the image of a morphism N S. By the finitary condition on A, the 
sets Hom{R, M) and Hom{N, S) are finite and in particular there are only finitely 
many choices for Li and T2. But then there are also only finitely many possibilities 
for T2 and L2. The Lemma is proved. ■/ 

Slightly abusing notions (since, as explained above, H^0H^ is not an algebra) 
we may state Green's fundamental theorem as follows : 

Theorem 1.9 (Green, [G4]). The map A : H^0H^ is a morphism of 

algebras, i.e. for any x,y & we have A{x ■ y) = A(a;) • A(j/). 

Proof. There is a very detailed proof in [R9]. For the reader's convenience, we 
sketch it here. By bilinearity of the product, it is enough to show that for any pair 
of objects M, A'' in .A we have 

(1-13) A([M].[iV])=A([M]).A([iV]). 
The left hand side of (1.13) may be rewritten as follows : 

A([M][iV]) = (M,7V)5]-J— P5^_^A([J]) 
^ aMttN 



= Y,{M,N){K,L)-^Y.—'^M,N'P'K,Lm ® 

As for the right hand side of (1.13), it may be expressed as 
A([M])A([7V]) 

= I Y (A'2,L2)-^P*^,,^Ji^2]0[L2] 1 I E (Kl,Ll)-^P^,,^jKl]0[Ll 



= E E 

K,LKi,Li,K2,L2 
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X 



O-mO-NCKi 0,K2 O-Li 01,2 



^ {M,N){K,L) ^ \Ext{K2,L,)\ Pg,,;, Pjx Pjf..L.Pl,L, ^ 



K,L 



UMdN 



Ki,K2,Li,L2 



\Hom{K2. Li 



aKiaK20-LiO,L2 



where we have used the biUnearity of the Euler form. Simphfying both sides, we 
have to prove that, for each pair of objects K, L, the number 

\Ext{K2, Li)\ ^K2,Ki^L2,Li^K2,L2^Ki,Li 



(1.14) 



E 



Kt,Lt,K2M 



\Hom{K2,Li)\ aKiaK2aLiaL2 



which counts (with a certain weight) the set of "squares" 
(1.15) 



^ Li L —'^ L2 ^ 



N 



M 



> Ki K K2 ^ 







is equal to the number 

(1-16) E— PM.ivP^L 

J «^ 

which counts (with a certain weight) the set of "crosses" 
(1.17) 



^7V— ^ J — -^M >0 

b' 
K 





Wc call two crosses as in (1.17), with respective middle term J and J' equivalent 
if there exists an isomorphism (j) : J c:i J' making all relevant diagrams commute, 
and we let Cj (resp. Cj) stand for the set of all crosses with middle term J (resp. 
the set of all such crosses, up to equivalence). In the same fashion we define, for a 
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triple {Ki, K2, Li, L2), the set D(^Ki.K2.Li.L2) of all squares as in (1.15) with ver- 
tices K\, K2, L2, L2 and the set D(^Ki.K2.Li.L2) svich. squares, up to equivalence. 

Note that for a given quadruple {Ki ,K2,Li, L2), the group Aut{Ki) x Aut{K2) x 
Aut{Li) X Aut{L2) acts freely on D(Xi,K2,Li,L2) ^■'^d hence 

ip; I \D(K^_,K2,L^_,L2)\ 

W{Ki,K2,Li,L2) \ - - — — - — - — 

■pK T>L rtM TiN 

_ Ki^Ki'^ L2,Li^ K2,L2'^ Ki,Li 



aKiClK20'LiaL2 

so that the expression (1.14) is equal to 

niS^ V- \Ext{K2,L,)\ ~ 

^'•'^^ , , |ffom(if„iOl'^^^-^^'"-^=^'- 

Similarly, the stabilizer in Aut{J) of a cross C = (J, a, a', 6, 6') in Cj is the set of 
(j) satisfying 4>\Kerb = Id, 4'\Kerb' = Id, and for which the induced maps satisfy 
(p\Coker a = Id, 4>\Coker a' = Id- A simple diagram chase shows that such automor- 
phisms are in bijection with elements in Hom{Coker b'a, Ker b'a). It follows that 
the expression in (1.16) is equal to 

^^'^^^ ^^'^-^'"^ S _ \Hom(Coker b'a, Ker b'a) I ' 

■J J {J,a,a',b,b')eCj 

We will show that (1.18) and (1.19) are equal by using a canonical map $ : 
LJCj ^ \_\D(Ki,K2,Li,L2), constructed as follows : given a cross C = {J,a,a' ,b,b') 
we may complete it into a big commutative diagram by setting 

Li = Ker b' a ~ Ker ba', L2 = Irn ba' , 

Ki = Im b'a, K2 = Coker ba' ^ Coker b'a. 

The maps u,v,u',v',x,y,x',y' are all tautological, and it is an easy exercise to 
check that the resulting square S = $(C), obtained by deleting the central object 
J, docs indeed belong to D(^Xi.K2.Li,L2)- For instance, when A is the category of 
modules over some ring, we have Li ~ L n A^, L2 — L/{Lri N), A'l ~ N/ {L n N) 
and K2 — J/{L ® N). The map $ defined above descends to the desired map $ 
between equivalence classe of crosses and squares. 

Combining (1.18) and (1.19), we see that the proof of Green's theorem boils 
down to the following fact : 

Claim. The fiber of $ over any point oi D(^Ki,K2,Li,L2) is of cardinality \Ext{K2, Li)\. 
Proof of Claim. Let us fix a square S G D(^Ki,K2,Li,L2)- The sequences 

> Ki ^ K ^ K2 > , 

> L2 ^ M > K2 > 

determine elements tJi G Ext{K2,Ki),a2 G Ext{K2,L2) respectively, which give 
rise to an element r/ = (Ti © 0-2 € Ext{K2, K\ © L2) corresponding to an extension 

^ Ki © L2 X K2 > 

where X = if x^^ M = {(fc © m) G © M | y'{k) = y{m)}. Similarly, there exists 
a canonical exact sequence 
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where Y = L Ul,N = L® N/{u{l) © u'{l) \ I 6 Li}. 

Assume given a cross C = {a, a', b, b', J) such that $(C) — S. As is easily seen, 
wc may fit J into an exact, commutative diagram 

(1.20) 

^ Ki © L2 X K2 ^ 

v" b" 

^ Y 2^ J — ^ K2 ^ 

u" ® 

Xi 





Conversely, one shows (sec [G4]. Prop. (2.6d)) that, once J is fixed, the set 
$J^(S') of crosses in the fiber $^^(5) with central object J is in bijection with the 
set of exact, commutative diagrams 

(1.21) ^ Ki © L2 X K2 > 

v" b" 

> Y "^—^ J K2 ^ 

(where v",x" ,y" are fixed and a" ,b" are allowed to vary). Of course, instead of 

(1.21) , we could just as well have chosen the first two columns of (1.20). Our task 
will now be to compute, for a given ,/, the number of diagrams of the form (1.21). 

First of all, for a given extension 

(1.22) ^Y ^-^J^^K2 ^0 

there exists a map b" making (1.21) commute if and only if the element ^ e 
Ext{K2,Y) associated to (1.22) satisfies </)(^) = r? e Ext{K2,Ki © L2), where 
T] is defined previously and where (p : Ext{K2,Y) — > Ext{K2,Ki ® L2) fits in the 
long exact sequence 

(1.23) 

> Hom{K2, Li) > Hom{K2, Y) ^ Hom{K2, Ki © L2) ^ 

> Ext{K2, Li) ^ Ext{K2, Y) — ^ Ext{K2, Ki © L2) ^ 

Note that the sequence stops after two lines since by assumption gldim{A) < 1. 

Let Extri,j{K2,Y) C Ext{K2,Y) be the subset of (f>~^{ri) whose associated middle 
term is isomorphic to J. We will use the following two facts, whose (easy) proofs 
we leave to the reader (see Prop. 1.5 for statement i)) : 

i) the number of sequences (1-22) corresponding to any fixed extension class 

^ e Ext{K2,Y) is equal to a.j /\Hom{K2,Y)\, 

ii) for any such sequence (1.22) associated to an element in Extn,j{K2,Y), the 
number of choices for the map b" in (1.21) (i.e. making (1.21) commute) is equal 
to \Hom{K2,Ki® L2)\. 
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Hence, we see that, all together, there are 

\Extr:,j{K2,Y)\aj\Hom{K2,Ki®L2)\/\HomiK2,Y)\ 

sequences as in (1.21) involving J, and hence as many crosses belonging to $"^(5) 
with J as a central object. Remembering that the stabilizer in Aut{J) of any such 
cross is isomorphic to Hoin{K2, Li), we see that there are 

\Extrj.j{K2,Y)\ \Hom{K2,Li)\ \Hom{K2, Ki (B L2)\/\Hom{K2,Y)\ 

equivalence classes of crosses in $~^(5) with central object isomorphic to J. 
Summing up over all J (up to isomorphism), we get 

\^~HS)\ =J2\Extr,,jiK2,Y)\ \Hom{K2,Li)\ \Hom{K2, Ki ® L2)\/\Hom{K2,Y)\ 

J 

= \Hom{K2,Li)\ \Hom{K2,Ki ® L2)\/\Hom{K2,Y)\. 

But from the long exact sequence (1.23), we deduce that 

|<^-i(7?)| = \Ext{K2,L,)\ \Hom{K2,Y)\/\Hom{K2,Ki®L2)\ \Hom{K2, L,)\, 

from which we finally obtain |$~^(S')| = \Ext{K2,Li)\ as wanted. This concludes 
the proof of the claim, and thus the proof of Green's theorem. / 

It is quite useful to restate Green's theorem in a different way, by adding a 
piece of "degree zero" to H_4. This way we will avoid twisting the multiplication 
in Hyi (x) H_4 as above. This may seem rather artificial at first glance, but it is 
in fact very natural given the analogy with quantum groups (see Lecture 3 ). Let 
K — C[K{A)] be the group algebra of the Grothcndicck group K{A). To avoid any 
confusion we denote by kjvf (resp. ka) the element of K corresponding to the class 
of an object M (resp. to the class a). We also write N for the class of an object 
N in K{A). We equip the vector space := (g)c K with the structure of an 
algebra (containing H_4 and K as subalgebras) by imposing the relations 

k„[Af]k-i = {a,M)m[M]. 

The algebra is still i4r(./l)-graded, where deg((k„) = for any a. We also extend 
the comultiplication to a map A : H^(8)H^ by setting 

(1.24) A(k„) =k„(g)k„, 

(1.25) A([i?]k„) = ^(M,7V)„— P«_jv[M]k^+„® [iV]k„. 

M,N 

Finally, we equip H_4 (X) H_4 with the standard multiplication, i.e. (x ^ y){z iS) w) = 
xz ig) yw. We call the extended Hall algebra of A. To avoid confusion, we will 
sometimes write A' for the old comultiplication, defined on H^. 

Green's theorem may now be expressed in the following fashion. 

Corollary 1.10. The map A : H^(8)Hyi is a morphism of algebras. 

Of course, concerning the multiplication in the completion H^(8)H^, the reser- 
vations voiced at the beginning of this section still apply. 

To turn into a bialgebra, it only remains to introduce a counit map. Define 
a C-linear morphism e : — > C by 



if M 7^ 0, 
if M = 0. 



e([M]k„)=|^ 

The reader will easily check that (H^, i, m, e. A) is a (topological) bialgebra. 
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Remarks 1.11. i) Of course, when A satisfies the finite subobjects condition 
(1.11), there is no need to consider any completion at all, and is a genuine 
bialgebra. 

ii) When the symmetrized Euler form is trivial, the twisted multiplication in the 
tensor product (g) coincides with the usual multiplication, and there is a 
priori no need to introduce the extension H^. 

iii) Although it is possible to define a comultiplication in H_4 (or H^) for exact 
categories, Green's theorem only holds for abelian categories. 



1.6. Green's scalar product. 

The bialgebras which arise as Hall algebras of some abelian category A have an 
additional important feature : they are self-dual. This means that the dual space 
H^, equipped with the multiplication which is dual to A and the comultiplication 
dual to m, is isomorphic to H_4 as a bialgebra. The best way to state this property 
is to use a natural nondegenerate bilinear form on H^, introduced by Green in [G4]. 
In this paragraph as in the previous one, A denotes a hereditary finitary abelian 
category. 

Proposition 1.12 ([G4]). The nondegenerate scalar product ( , ) : (g) C 
defined by 

(1.26) ([M],[7V]) = 

OM 

is a H op f pairing, that is for any triple x, y, z of elements in H_4 we have {xy, z) = 
{x®y,A'{z)). 

Proof. By bilinearity, it is enough to check this when x = [M] , y = [N] and z = [P] 
for some objects M, N, P of A. Then xy = (M, iV)„ ^77^Pm,jv[^] hence 

1 

^ M,N- 



{xy,z) = {M,N)„, Pf 



OMONap 

On the other hand, we have A'(z) = g{R, S')m^P^ g[R] [S] therefore 

{x (g) y, A'{z)) = (M, N)m Fm,n- 

We are done. / 

Rcicall that H_4 is in general not a bialgebra. However, it is an easy task to 
extend Green's scalar product to H^. 

Corollary 1.13. The scalar product (g C defined by 

(1.27) ([M]k„, [iV]k0) = ^(a, p)m 

aM 

is a Hopf pairing, i.e. for any triple x,y,z of elements in we have {xy,z) = 
{x(E,y,A{z)). 

As the examples of Lecture 3 and Lecture 4 will attest, the existence of this 

nondegenerate scalar product is a very strong property of Hall algebras, and despite 
its simple form, it "encodes" a surprising amount of information concerning H_4. 
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1.7. Xiao's antipode and the Hall Hopf algebra. 

The results of paragraphs 1.4. and 1.5. show that the Hall algebra H_4 of a 
hereditary, finitary abelian category A may be equipped with the structure of a 
bialgebra, at least in a topological sense. At this point, it is natural to ask whether 
may actually be upgraded to a Hopf algebra, i.e. whether one can define a 
morphism S : —>■ satisfying the axioms of an antipode, namely 

(1.28) mo(l(8)S')oA = ioe, m o (5 (g) 1) o A = i o e, 

(1.29) S{xy) = S{y)S{x), A o 5 = (5 (g) 5) o A°p, 



(1.30) Soi = i, eoS = e, 

When A is the category of representations of a quiver, Xiao discovered such an 
antipode map ([XI]). His construction can be directly extended to any category 
satisfying the finite subobjects condition (1.11). Let A be such an abelian finitary 
category. For any object M and integer r let SM,r denote the set of strict r-step 
filtrations 

7^ C • • • C La C Li = M 

and let us set 
(1.31) 

5([M])=k-(^(-i)'- y: ii{L.iu^uu^.) j''"'-''^'''"''''' ^ 

[M/L2] ■ [L2/L3] ■ ■ ■ [Lr-l/Lr] ■ [Lr] 

= -k-[M]+ (MM7V)„^^k-[M/iV].[iV]+... 

In plain words, we consider all strict filtrations of M, take the corresponding suc- 
cessive subquotients, multiply them together in the Hall algebra in the same order, 
and sprinkle a few signs here and there. Of course, this sum is finite by our as- 
sumption on A. We extend the map S to the whole of by bilinearity and by 
setting S{[M]\ia) = k~^S'([M]). This map respects the grading of H^. 

Theorem 1.14 (Xiao, [XI]). The map S : H_4 is an antipode for the Hall 

bialgebra H^, i.e. the identities (1.28), (1.29) and (1.30) are all satisfied. 

Proof. The relations (1.30) follow directly from the definitions. In addition, it is 

well-known in the theory of Hopf algebras that relations (1.29) arc consequences of 
(1.28) and (1.30). Hence we only need to prove relations (1.28). We will deal with 
the first equality, and leave the second one to the reader. It is clearly enough to 
show that for any non zero object M in A, we have m o (1 5) o A([M]) = 0. We 
have, using the definitions (1.31) and (1.25) 

mo(l(8)5)oA([M]) 
(1-32) =[M]+kM5([M])+ V (M/iV,iV)„^H^[M/7V]k^r5([iV]) 
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r T-rr 

= [M]+^(-l)'^ ^ ll{Li/Li+i,Li+,) J^'=' [M/L2] • • • [Lr-l/Lr] ■ [Lr] 

r>l L.G5M,ri=l 

+ Y: {M/N,NU^Mf^[M/N]{Y,{-ir Y: lii^^/K.+uK^^iU 

Oj^NGM ^ ^ s>l K,&Sff,s i 



The last term in the above expression may be rewritten as 

IZ(-l)' E E {M/N,N)m{N/K2,K2)m---{Ks-l/K,,Ks)r 
s>l O^NCM K,eSN,s 

O'M/nO'N/Kq. ■ • ■ Oifs 



-[7V/X2]---[i^«-l/i^.]-[i^. 



Om 



-[M/7V].[iV/if2]...[if^_i/i^^].[jf^ 



r T-rr 

= -^(-ir E n<-^'/-^'+l' -^^+1)"- ■ ■ • [i^.-l/i^.] ■ [Lr]. 

r>2 L,eSM,ri=l 

It follows that the whole quantity in (1.32) vanishes, as desired. The Theorem 
is proved. / 

Remark 1.15. What happens when A does not satisfy the finite subobject con- 
dition (for example, when ^ is a category of coherent sheaves on a curve) ? In 
this case, the sum in (1.31) does not make sense in general (indeed, it may be an 
infinite sum of positive integers !). Depending on the situation, there may be two 

ways around this difficulty : 

i) The category A may be Fg-linear, and all the structure constants for the antipode 
may be expressed as power series in q. 

ii) Instead of an antipode map 5, one may try to define the inverse map S~"^ . When 
A satisfies the finite subobjects condition, such a map is given by the expression 

(1.33) 

/ r 

<^L^ClLr—i/L-r • • • <^M/L2 



s-\[M])=(Y,{-^r E ri(v^m,ii+i) 

^r>l i.6SM,r-i=l 



[Lr] ■ [Lr-l/Lr] ■ ■ ■ [L2/L3] ■ [M/LajjltM. 

In this sum, the coefficient of [A''] counts, with a certain weight, the number of 
pairs of filtrations {Lr C ■ ■ ■ C L2 C Li = M; L'^ C ■ ■ ■ C L'^ C L[ = N) 
satisfying Li/Li^i = L'^_^-^_^/L'^_^2-i for i = 1, . . . , r. If ^ is such that for any 
M, N G Ob{A) there are finitely many such pairs of filtrations then the expression 
in (1.33) converges, and we may define an inverse antipode map : H_4 H^. 
Here HJ5^ is a certain formal completion of H^. 

The map S~^, which serves the same basic purposes as S, satisfies the following 
relations : 

m o (1 ® S-^) oA°P^ioe, mo {S'^ 1) o A°p = i o e, 
S-\xy) = S-\y)S-\x), A°p o S"^ = {S~^ (g) S'^) o A, 
S-'^oi = i, eoS-'^ = e. 
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1.8. Fiinctorial properties. 

Let A and B be two finitary categories, and let F : A ^ B he a. functor. What 
does the existence of F imply about the Hall algebras and Hb ? The functor 
F gives rise to a map between sets of isomorphism classes of objects / : — >■ ^B, 
and we may define two natural maps of vector spaces 

[M] ^ [^1 

and 

/, : He, 

[M] ^ [F{M)] 

(in the above, = ri/i/eA'i *C[Af] is the formal completion of H^t). Without any 
further assumptions on the functor F, these maps are in general neither morphisms 
of algebras nor morphisms of coalgebras. Let us briefly examine under which cir- 
cumstances they are. 

Let us start with /*. By definition, if g and h belong to Hg and R G we 
have 

rig ■ h){R) = g ■ h{F{R)) = ^ S)m9{F{R)/S)h{S) 

SCF{R) 



while 



rg ■ rh{R) = V {R/T,T)mg{F{R/T))h{F{T)). 



TCR 



A sufiicient condition for these two quantitites to be equal, and hence for /* to 
be a morphism of algebras, is that : F preserves Eulor forms (i.e. (M, N)m = 
{F{M), F{N))m for any M,N G Xa) and that for any R e AU, the functor F sets 
up a bijection between the subobjects of R and F{R). 

Suppose now that A and B arc hereditary and let us consider the compatibility 
of /* with the coproduct. We have for any function g G and objects M,N £ X^, 
(see Proposition 1.5), 

and 

/* ® f*{A(g)){M, N) = . i V g(R^). 

Therefore, a natural sufficient condition for /* to be a morphism of coalgebras is 
that F is exact and that the associated map F : Ext^{M, N) Ext^{F{M),F{N)) 
is an isomorphism for any M, N G Xj,- This last condition amounts to saying that F 
sets up a bijection between the sets of short exact sequences ^ and V^^j-^ f{n)^ 
and that furthermore any extension of F(N) by F{M) can be obtained in this way. 

The properties of the map /* are also easily worked out. For /, to be a mor- 
phism of algebras, it is sufiicient that F is exact and that the associated map 
F : Ext^iM, N) Ext^{F{M),F{N)) is an isomorphism for any M,N e Xa- For 
/* to be a morphism of coalgebras, it is sufiicient that F preserves Euler forms and 
that for any R G Xa, the functor F sets up a bijection between the subobjects of 
R and F{R). Thus the conditions for /, are in a certain sense dual to those for /*. 
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All in all, we see that the conditions to impose on a functor F for it to induce a 
(co)algebra morphism between Hall algebras are rather restrictive. We summarize 
the above discussion in the following result which is sufficient for many purposes. 
We will call an exact functor F : B extremely faithful if it defines isomorphisms 
Ext\M, N) ^ Ext'{F{M), F{N)) for any M,N gA and any i > 0. 

Corollary 1.16. Let A and B he finitary categories, and let F : A ^ B be an 

extrern,ely faithful exact functor . Then is an embedding of algebras and if A, B 
are hereditary then f* is a morphism of coalgebras. If in addition F{A) is essentially 
stable under taking subobjects fiT^B) then /* is a morphism of coalgebras and f* is 
a morphism of algebras. 

Though we have not explained the definition of the Hall algebra of an exact cat- 
egory, let us give a last (essentialy obvious) functoriality property of Hall algebras. 

Corollary 1.17. Let B be a finitary category and let A C B be an exact full 
subcategory stable under extensions. Let f : A ^ B be the embedding. Then 
/* : Hj3 is an embedding of algebras. 

As Lecture 4 will demonstrate, the above Corollary is particularly useful in the 
context of Hall algebras of categories of coherent sheaves on curves (where abelian 
subcategories are few and far between while exact subcategories abound). 
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Lecture 2. 



After having introduced all the basic concepts of Hall algebras in Lecture 1, it 
is now high time for us to provide the reader with some concrete examples. This 
is what this and the next two Lectures are devoted to. In doing so, we hope to 
illustrate the following "abstract nonsense" principle, which we learned from Yves 
Benoist : 

"There are many more theories than fundamental objeets in m,athem,atics. " 

A direct corollary of this principle is that behind many distinct interesting theo- 
ries lie in fact the same fundamental objects. Of course, each theory sheds its own 
light on these objects, and combining the various perspectives is likely to be very 
fruitful. 

As the examples of Lectures 2,3 and 4 will show, the theory of Hall algebras turns 
out to be intimately related to the structure theory of semisimple Lie algebras or 
Kac-Moody algebras, or to the combinatorial theory of symmetric functions. This 
interaction has proved to be extremely useful for all parties involved. 

Incidentally, we will take the above principle as an excuse for not answering the 
question of why such a deep relation exists and concentrate instead on the question 
of how this relation exists. 



The aim of the present lecture is to provide the first and perhaps most funda- 
mental example of a Hall algebra -the so-called classical Hall algebra, introduced 
by Steinitz at the turn of the twentieth century. This will allow the reader to see 
all the notions appearing in Lecture 1 in action. We will finish by briefly describing 
other occurences of Hall algebras in various mathematical contexts. 



2.1. The Jordan quiver. 



Let k be any field. The Jordan quiver is the oriented graph Qq with a single vertex 
i and a single loop h : i ^ i. 



Qo-- 



By definition, a representation of Qo over fc is a pair (V, x) consisting of a finite- 
dimensional fc-vector space V and a fc-linear map x iV ^ V. A morphism between 
two representations {V,x) and (V',x') of Qo is simply a linear map f : V —> V 
making the following diagram commute 




(2.1) 



V 



The collection of all representations of Qo over k thus acquires the structure of a 
fc-linear category RepkQo which is easily seen to be abelian. In fact, two seconds of 
thought will be amply enough for the reader to convince himself that this category 
is equivalent to the category of finite-dimensional modules over the polynomial ring 
k[x]. In particular, it is of global dimension one. 

We will be interested here in the full subcategory consisting of those representa- 
tions (V, x) for which a; is a nilpotent endomorphism of V. This is the only one we 
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will be considering here, we denote it by i?ep™'<5o- The structure of i?ep™'(3o has 
been essentially well-known since the end of the nineteenth century, due to the work 
of Jordan and Kronecker (sec [B3] for a fascinating discussion of the famous con- 
troversy, surrounding this result, which opposed these two great mathematicians). 
In modern language, it reads : 

Theorem 2.1 (Jordan and/or Kronecker). The following hold : 

i) The object S = {k,0) is the only simple object of Rep^^^Qo, 

ii) We have Hom{S, S) = k and Ext\S, S) = k, 

iii) For any n G N there exists a unique indecomposable object In of length n 
in Rep^^^Qo. It is given by the endomorphism x G End{k"') with matrix 

/O 1 ••• 0\ 
1 ••• 





VO 



1 



From i) it follows that K(Rep'^^''Qo) ~ Z and from ii) we deduce that the Euler 
form ( , )a vanishes. In addition, from iii) and the Krull-Schmidt theorem we see 
that any object {V, x) in Rep^^'^Qa is isomorphic to a direct sum /®'^ © • • • © 7®''' 
for certain integers r, . . . , Z,.. Thus '^jigpnuq^ is canonically isomorphic to the set 
n of all partitions, via the assignement 

A = (Ai, Aa, . . . , A^) /a = /ai ® ■ • ■ ® /a.- 



2.2. Computation of some Hall numbers. 

Let us assume from now on that = Fg is a finite field with q elements, so that 
RepkQo and iJep^'Qo arc finitary hereditary categories. Our aim will be to describe 

the Hall algebra of Repf^Qo 

in some details. For this, we need to understand the 
structure constants P^^ := \j -^/^.J^' Obviously, P^^^ = unless \u\ = |A|-|-|/z|. 

Example 2.2. Let us compute explicitly the first few values of -P^^a- 

• Pf-.^^ counts the number of submodules R C S (B S which are isomorphic to S, 

and such that (S ffi S)/R is isomorphic to S. Any one-dimensional submodule R 
will do, and there are |P^(A;)| = q + 1 such submodules. 

(2) 

• Pl-^~l counts the number of submodules R C I2 which are isomorphic to S and 
such that I2/R is isomorphic to 5*. Again, any one-dimensional submodule R will 
do but this time there is only one such submodule (the kernel of the map x). Hence 

p(2) _ ^ 

• P^2) (1) counts the number of submodules R C M = I2 (B S isomorphic to S 
and such that M/R is isomorphic to l2- We have Im x C Ker x C M. A one- 
dimensional subspacc R will be isomorphic to S' if i? C Ker x while for M/R to be 
isomorphic to I2 we need R ^ Im x. Thus there are |P^(fc)| — \ = q allowed choices 

for R. 

(2 1) 

• P^\^' counts the number of submodules of R C M = I2 (B S isomorphic to I2 
and such that M/R is isomorphic to S. We have Im x C Ker x C M. A subspace 
R of dimension two will be isomorphic to /a if i? D Im x while R ^ Ker x. Thus 
there are again |P^(fc)| — l = q valid choices for R. A 
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Example 2.3. The above very simple examples already afford some interesting 

generalisations : 

(1*) 

• P(\t-r') (ir) counts the number of r-dimcnsional submodules R of the trivial module 
M = 5®* which arc trivial and such that M/R is trivial. Wc may pick any r- 
dimensional submodule, hence P^-^t-r^ (ir) is equal to the number of points over 
¥q of the Grassmanian Gr{r, t) of r-planes in f-space. This number is equal to a 
g-binomial coefficient 



\Gr{r,t)\ 



[t]+-[t-l]+---[t-r + l]+ 
[2]+...[r-l] + [r]+ 



where for any integer n wc set [n] + = 1 + g + • • • + ^ . It is known that this 
g-binomial coefficient in fact belongs to 



• P^t_r) (r) counts the number of indecomposable submodules R of dimension r 
of /( for which It/R is again indecomposable. There is a unique r-dimcnsional 
submodule of It and it satisfies the required conditions. Hence P(l\j.\ (r\ — ^- ^ 



Example 2.4. As a final, more complicated example let us compute Thus, 
given a representation we want to count the number of submodules R isomorphic 
to 5®*" such that I^/M is of a given type. Let us set 

K = KerxCl^, = K n Im x\ 

so that we have K = Kq D Ki D K2 D ■ ■ ■ . Now let i? C if be an r-dimensional 
submodule and let us set rj = dim{Rf\Ki), so that r = ro > ri > r2 • • • . We claim 

that the type of I^/R is completely determined by the integers r,. In fact, we claim 
that /^/i? is isomorphic to 7,^ where if v ~ (l'i,2'2^ . . . ,n'") then 

{22) fl — ^''o-»'2 2'2+2r2-''i-r3 ^/n+^n-r^-i ^ 

To see this, observe that a representation {W, y) is isomorphic to I\ where A = 

2™^, . . . , n™") if and only if dim{Ker y*+^) — dim{Ker y') = rrii+i H |-m„ 

for all i>0. Note that if y G End{Iv/R) denotes the operator induced by x then 

dim{Ker y) = dim{Ker x) — dim{R) + dim{R fl Im x) = Zi + . . . Z„ — ro + ri 
dim{Ker y"^) = dim{Ker x"^) — dim{R) + dim{R fl Im x^) 
= h+ 2{l2 + ...l„) -ro + r2 

and in general 

dim{Ker j/') = dim{Ker .t') — dim,{R) + dim{R fl Im x'') 

= h+2l2 + --- + ii- + + ...ln)-ro + n. 

Formula (2.2) now follows by a simple computation. 

To sum up, we have shown that for a given ji there are as many possible choices 
of a valid submodule R as there are r-dimensional subspaccs R'mK which intersect 
the flag of subspaces Ki D K2 D ■ ■ ■ D Kn-i D Kn = {0} in some certain specified 
dimensions dim{R n Ki) = r^ (which can be obtained from fi using (2.2)). The 
cardinality of this set can be computed as follows. Let O C Gr{r, ^ li) be the 
above subset of r-planes in K. There is a natural projection map 

TT : O ^ Gr(r„_i,Z„) x Gr(rn-2 - rn-i,ln-\) x • • • x Gr(ro - n,h) 

which associates to R the sequence of subspaces 

R n Kn-u {R n Kn-2)/{R n if„-i), ...,{Rr\ K^)/{R n K2), R/{R n K^) 
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(2.3) 



in Kn-i,Kn-2/ Kn-i, ■ ■ ■ , K1/K2, K/Ki. We claim that tt is an affine fibration of 
rank 

t =(r„_2 - r„_i)(/„ - r„_i) + (r„_3 - r„_2 )(/«-! + In - rn-2) H 

+ (rQ-n){l2 + --- + ln-ri) 

To see why this is true, let us pick arbitrary subspaces 5'„_i, . . . , ^i, in the above 
product of Grassmanians and look at the fiber of tt at that point. For R to belong 

to it, we need to have in particular RnKn-i = Sn-i and (i?n/i'„_2)/(-Rn/f„_i) = 
Sn-2 G Kn-2/ Kn-i- Fixing a basis of Sn-i and Sn-2 we sec that R n -ftr„_2 is 
determined up to a choice of a linear map from Sn-2 to Kn-i/{R n Kn-i)- But 
then once (i? H Kn-2) and S'„_3 are fixed, (7? H /-Tn-s) is determined up to a linear 
map from Sn-3 to Kn-2/{Rri Kn-2), and so on. Continuing in this manner, we 
arrived at the desired result. 

Finally, since the number of points over Fg of the Grassmaninan Gr{r, t) is 
we obtain in fine 



pi' 















+ 


rn-2 - r„-i 


+ 





where v = (1'% . . . ,n'"), the integers r, are determined by (2.2) and t is given by 
(2.3). A 

All the above examples siiggcst that P^^ ^ ^^"^^ given by the evaluation at 
t = q of some "universal" polynomial -P^;^(0 G Z[t]. Here "universal" means that 
P^^xit) € is independent of the choice of the ground (finite) field k. This is 
indeed the case, as we will see at the end of the next section. 



2.3. Steinitz's classical Hall algebra. 

Let He/ = H^gp„i,^^ be the Hall algebra^ of i?ep™'(5o- By definition, it has a 
basis {[/a] I; A G H} and relations 

(recall that the Eulcr form vanishes). It is N-gradcd (by the dimension of the 
representation, which is also the class in the Grothendieck group). As the Euler 
form vanishes, the Hall algebra He; is already a bialgebra as it stands, and there 
is no need to consider its extension He/. Moreover, the finite subobjccts condition 
being verified. He/ is in fact a genuine (and not only a topological) Hopf algebra. 
The first few values of the (co)multiplication and the antipode are given in the 
following examples : 

Example 2.5. Using the computations of the previous section, we have : 

[Al)]-M = (9+1)M + [A2)]> 
[-f(l)]-[-f(2)]=9[/(2,l)] + [/(3)], 
[^(2)]-[Al)] = 9[-f(2,l)] + [/(3)]- 

For the coproduct, we have 

A([/(l)]) = l® [/(I)] + [/(!)] 01, 
A([J(2)]) = 1 ® [/(2)] + (1 - g-^)[/(l)] ® [/(I)] + [/(2)] ® 1, 



'the index 'cl' stands for 'classical'. 
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A([/(12)]) = 1 ® [/(12)] + ® [/(I)] + [/(12)] ® 1, 

A([/(2,i)]) =1 ® [/(2,i)] + [^(2,1)] ® 1 + (1 - <^ [-^"(1-)] + [-^"(1-)] <^ [-^"(1)]) + 

+ 9"'([^(l)]<^[-f(2)] + [-f(2)]® [/(I)]). 

In the above computations, we have used the following formulas 

= (9-1)' «/(i2) = a/(2) = «/(2,i) = (9^ -9^) (9^-9)- 

Finally, for the antipode map, we have 

^([^1=)]) = -[^1=)] + (g+l) (g2^'lj(^2"_g) [^(l)]' = 9-^/(2)] +9-^^(1^)], 

^([^2)]) = -[/(2)] + = -<l-%2)] + {q- q-')[h^)]. 

A 

Despite these seemingly complicated formulas, the (abstract) structure of Hd is 
startingly simple : 

Theorem 2.6 (Steinitz, Hall, Macdonald). The following hold : 

i) He; is both commutative and cocommutative, 

ii) He; ^ C[[/(i)], [/(i2)], . . .] is a free polynomial algebra in the infinitely many 
generators [/(i)], [/(i2)], . . .. 

iii) For any integer n we have 

n 

(2.4) A([/(i„)]) = ^g-'-("-'-)[/(i.)] ® 

r=0 

Proof. To prove point i), wc have to show that for any triple i/,fi.X, wc have 
= Pl^ ^. For this wc will use the natural (contravariant) duality hmctor in 

the category i?ep™'Qo, which associates to a representation {V, x) its transpose 
(y*,a;*). Note that any object of -Rep™'(5o is isomorphic to its transpose. On the 
other hand, this duality M i— > M* gives rise to a bijection 

{i? c I i? ~ h, lu/R ^ i^} ^ {5 c /; ~ I rjs ~ ~ /a ~, 5 ~ /; ~ /^} 

R^S = R^ 

It now suffices to recall that P^ ^ is the cardinality of the left-hand side while P^ ^ 
is the cardinality of the right-hand side. 

We turn to the second statement. Define a partial order on the set of partitions 11 
as follows : A = (I'S 2'=, . . .) ^ /x = (1™S 2'"^ . . .) if for any i > 1 we have 

h + 2l2 + --- + {i- l)li-i + i{k + h+i + ■■■) 

< mi + 2m2 + ■ ■ ■ + {i - l)mj_i + i{mi + m^+i + • • • ) 

(this is the transpose of the usual partial order on partitions). Let us fix a partition 
A = (l'i,2'2, . . . ,71'") and let us consider the product 

By construction, if Ii, appears in X with a nonzero coefficient and if {V, x) repre- 
sents Ii, then there exists a filtration {0} = Vq C Vi C ■ ■ ■ C Vn ~ V such that 
dim{Vi/Vi-i) = k + • ■ ■ + In and x{Vi) C I^i-i. In that situation, dim{Ker x*) > 

dim Vi=h + 2l2-\ h i{li + h+i H ). But writing u = (l™i , 2™=, . . .) we have 

dim{Ker a;') = mi + 2m2 H h i(m, -|- mj+i H ), hence u ^ X. In addition, it 
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is easy to see that if = A then there exists a unique admissible filtration {Vi) as 
above. Therefore we have 

Wc deduce from this that the collection X of products [/(ini)] • [/(i"2)] • • • [/(i^t)] 
(ordered so that ni < n2 < • • • < nj) is obtained from the basis {[/a]} by acting by 
a matrix which is upper triangular with respect to ^ and has I's along the diagonal. 
Therefore X forms a basis of Hcj and point ii) follows. 

Finally, iii) is shown by a direct calculation. Since any submodule or quotient of 
is again of the form /(^r-j for some r < n, we have 



■'VL-'(l")jy — 

The formulas 

a/(,„, = \GL{u,¥,)\ = {q--l){q--q) . . . {q^-q-^) = (g-l)>^ [u][u-l] ■ ■ ■ [1], 



p(i") 



^ ([r]+[r - 1]+ • • • [l]+)([n - r]+[n - r - 1]+ • • • [1]+) 



yield the desired result. / 

The above Theorem is enough to prove the existence of the so-called Hall poly- 
nomials xi^) alluded to at the end of Section 2.2. 

Proposition 2.7. For any triple of partitions A, /U, v satisfying |A| + |/Lt| = \i>\ there 
exists a unique polynomial P^^\{t) € such that for any prime power q and finite 
field k with q elements we have P'^^y^ = P^^xio)- 

Proof. Note that the unicity is obvious since any two polynomials taking the same 
values at an infinite set of points are equal. Hence it is enough to show existence. 
We start by slightly refining the proof of point ii) of Theorem 2.6 above. By 
Example 2.4. wc know that for any G II and r > 1 there exists polynomials 
P^^(^r){t) G 1[t\ such that 

[^/^]-[V)]=E^;,(i^)(9)[^-]- 

V 

By iteration we deduce that for any n , . . . , rt there exists polynomials P\yt ) (^ri ) it) 
such that 

V 

In particular, if A = (1^^ , 2^^ ^ ^ ^^n) ^n^j _ _| 1_ \^\fs^ 

[^1-*)] • • • [^1-1)] = [/a] + E ^ri-),...,(i-)(9)[^-]- 

Inverting the upper triangular matrix of polynomials (P^irt ) (i'-i)(^)) see that 
conversely for any v there exists polynomials Q'^irt-j such that 

(2.6) [^.] =E%-)-.,(i-)(«)[V*)]---[Ai-)]' 

(n) 

where the sum ranges over all possible sets of ordered indices (ri > r2 ■ • • > r*). But 
now, using (2.6) wc may rewrite any product [/^] • as a linear combination with 
polynomial coefficients of terms of the form [/(i^-t)] • • • [-^(I'-i)]- Then we use (2.5) to 
rewrite each such element as a linear combination of [I„] 's, again with polynomial 
coefficient. We are done. / 
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An important corollary of the existence of Hall polynomials is that we may now 
consider a "universal", or "generic" version H^; of the Hall algebra He;, which is 
defined over the ring C[t, t~^]. 

We now define the generic classical Hall algebra to be the algebra 

A 

where the multiplication is defined by 

[i,]-[h] = ^p;:,xit)[i,]. 

V 

The algebra H^; is clearly commutative, and the proof of Proposition 2.7 shows 

that it is a free polynomial ring over C[t, t~'^\ in the generators [-^(i)], [-^(i^)], • • •• We 
may define a coproduct A on H ^; by (2.4). Indeed, this satisfies all the required 
properties (coassociativity, compatibility with the multiplication, . . . ) over C[t, t~^\ 
since the same is true for an infinite number of specializations t = q. Finally, we 
leave it as an exercise to the reader to check the formula 

5([/(i„)]) = (-l)"g-"("-^)/2l„, 

where 1„ is the characteristic function of the set of all representations of dimension 
n; this allows us to also define an antipodc map S for H^;. Wc have obtained in 
this manner a genuine Hopf algebra H^; over C[t,t~^]. Note that the product is 
defined at f = 0, but not the coproduct (or the antipode). 

There is one last piece of the structure of Hall algebras which we didn't mention 
here so far : Green's scalar product. Recall that by definition, it is given by the 
formula 

{[h],[I,]) = 5x,^^. 

Lemma 2.8. The number aj^ of autom,orphism, of Ix is given by the formula 
(2.7) aj, = - - q-') •••(!- 

i 

where X = (l'i,2'2, . . . ,m''") and n(A) = J^ii^ - 

Proof. We have h = if^ I®^' ■■■■ Let x'^^\x^^\- ■ ■ > 4? be fixed generators of 
7®'*. An endomorphism / of Ix is completely determined by the image under it 
of the elements For / to be an automorphism, the restriction of / to 7®'* 
composed with the projection to 7®'' should be an automorphism. In addition, for 
/ to be well-defined, we should have f{x^j^) G Ker x^. Thus there are 




= |GL(Zi,F,)|(7''('i+^'^+'''+(*~^)''-i+('~^)''+*(''+i+''')) 

possible choices for {f{xf'),...,f{xf')). Hence the number of automorphism is 
obtained by multiplying together (2.8) for all values of i. A little arithmetic on 
partitions using the identities 

|A| = ^ Hi, n(A) = \Y^ ihik - 1) + ^ ihlj 
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brings this expression to the form (2.7). ■/ 

2.4. Link with the ring of symmetric functions. 

As we have seen, the classical Hall algebra Hci , or its generic version H^;, are 

N-gradcd polynomial rings with one generator in every degree. There is another 
famous such, which plays a very important role in much of mathematics, and partic- 
ularly in combinatorics and representation theory : Macdonald's ring of symmetric 
functions ([Ml]). Let us briefly recall its dcflnition. 

Consider, for n > 1, the ring of symmetric polynomials in n variables : A„ = 
C[a;i, . . . , a;„]®". These form a projective system via the maps A„_|_i A„ obtained 
by setting the last variable to zero. The projective limit (in the category of 

graded rings) A = lim A„ can thus be considered as the ring "C[a;i, X2, . . .]®°°" of 
symmetric functions in infinitely many variables. 

The ring A is also equipped with a canonical coproduct, which was formally 
introduced by Zelevinsky [Zl] : for n > 1 consider the map A„ : kin ^ A„ ® A„ 
induced by the embedding 

C[a;i , . . . , ar2„] ®- C[a;i , . . . , ar2„]®" 

= C[a;i, . . . ,a;„]®" ® C[a;„+i, . . . ,X2„]®", 

where in the second term the first copy of S„ permutes together the variables 
xi, . . . , while the second copy of (S„ permutes together the variables x„_|_i, . . . , Xin- 
In the projective limit, the maps A„ give rise to a coproduct A : A ^ A A. 

There are many bases of A, and it is often the matrix relating one such basis to 
another which carries the interesting combinatorial information. The simplest of 
all these bases is probably the basis of elementary symmetric functions : for r G N 
set 

6j. — ^ ^ ^11*^12 * ' * ^ A 

*1<*2<---<V 

and for a partition A = (Ai, A2, . . .) put e\ = ex^ex^ ■ • • eA„- 

Theorem 2.9 (Macdonald, [Ml]). The set {ex | A e 11} forms a basis of A, i.e. 
A~C[ei,e2,...]. 

By the above Theorem, we may construct an algebra isomorphism : He; — > 

rCr— 1) 

A by imposing ([-^(i'-)]) = q ^ Cr. Prom the definition, it is easy to check 
that A(er) = 'Y2r=o^^n-r ® dr ■ From this and from Theorem 2.6 iii) it follows 
that $ is a morphism of bialgebras as well. Hence Hd provides a new model or 
realization of A. Moreover, it comes almost for free with a very canonical one- 
parameter deformation H^; defined over C[f, <:~^] and there is an isomorphism $ : 

Let us mention two immediate applications : we can use <J> to transport on 
A ^ C[t,t~^] the nondegenerate Hopf pairing (, ) of Green on H^,;; and the set 
{$([/a]) I a G H} is an orthogonal basis for this scalar product. These turn out to 
be very interesting : $*((, )) is the Hall-Littlewood scalar product, which is the 
scalar product uniquely determined by the conditions 

{x,yz} = {A{x),yiSiz}, 

T 

(2.9) {Pr-,Ps} = Sr,s ^ _^ 
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where Pr = stands for the power sum symmetric function. Therefore the 

basis {$([7a]) | A e 11} is (up to a harmless renormahzation) the basis of Hall- 
Littlewood polynomials. In particular, the norm of these polynomials (with respect 
to the Hall-Littlewood scalar product) is given by (2.7). 

There are many more applications of the classical Hall algebra to the theory 
of symmetric functions. As discussing these would distract us too much from our 
topic, we prefer to refer the interested reader directly to the Scriptures [Ml]. 

Remark 2.10. One may wonder why the maps and $ arc defined in this 
way and not in another. The first answer is that this is the easiest way to obtain 
a morphism of bialgebras. A better answer is that there exists a "geometric lift" 
of the map <I>(g-) which makes it indeed very canonical; this involves (affine) flag 
varieties and (spherical) Hecke algebras -see the survey [S2] for details. 

2.5. Other occurences of Hall algebras. 

In this final section, which is independent of the rest of these notes, we quickly de- 
scribe a few classical mathematical contexts in which Hall algebras arise naturally. 

Steinitz's formulation of the classical Hall algebra. Needless to say, neither quiv- 
ers nor abelian categories were around in the early days of the twentieth century. 
Instead, Stcinitz considered the set of all abelian p-groups; of course, these share 
many properties with nilpotent representations of the Jordan quiver (over Fp), 
namely there is a unique simple object and a unique indecomposable object of any 
given length. In fact, it is easy to see that the Hall numbers computed from both 
categories coincide, and hence Sections 2.2. and 2.3. are essentially a direct re- 
formulation of Steinitz's work. A third alternative formulation, which is used by 
Macdonald in [Ml], is to consider the category of finite length modules over some 
discrete valuation ring R whose residue field R/m is finite. 

Parabolic induction for GL{n). For n > 1, put G„ = GL{n,¥q), and let i?„ be 
the character ring of G„, i.e. the ring of class functions on G„. The vector space 
R = 0^ Rn has a ring structure given by the parabolic induction : if f G Rn and 
g G Rm then we put 

f oh = indp^+J^{f (Sih), 

where Pn,m C Gn+m is the maximal parabolic subgroup of type (n, m), and / (8) /i 
is pulled back to Pn,m by the projection Pn,m Gn x Gm- By definition, the value 
of / o /i a at class fi € Gn+m is equal to X^teG + /p f ^' h{tfitr^). 

For any x S Gj, let 14 be the Fg[i]-module structure on obtained by having 
t act as X. Clearly, Vx — Vy if and only if x and y are conjugate. Hence there is a 
well-defined isomorphism class of Fg[f] -module associated to any conjugacy class fi 
in Gj, for any I. Using this notation, we may write 

fohin)= J2 <,^./(m)-MM2) 

where (/^^ is the number of Fq[f]-submodules W C V/^ such that W ~ V^^ ^^i^ 
V^/W ~ V^j. Thus, after a small reformulation, parabolic induction for the groups 
GL{1, ¥q) may be considered as a simple, special case of Hall algebra multiplication. 
There is a similar interpretation for parabolic induction for the groups GL{l,Qp). 
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Automorphic forms for function fields. This may be viewed as a global analog of 
the previous example. Let X be a smooth projective curve defined over a finite 

field ¥q and let BuririX) denote the set of isomorphism classes of vector bundles 
on X of rank r. A complex- values function / on Bunr{X) may be interpreted as an 
automorphic form for the group GL{r) over the function field Vq{X) oi X. In this 
setting, the induction product for automorphic forms coincides with the product 
in the Hall algebra Hygc(x) of exact category Vec{X) of vector bundles on X. 
Many properties of automorphic forms may be stated in a simple manner using 
the language of Hall algebras. For instance, an automorphic form / is a cusp form 
if A(/) e Hyec(X) ® UroriX) © Uxorix) Hyec(x) , whcrc Tor{X) denotes the 
category of torsion sheaves on X] the Hecke operators on the space of automorphic 
forms arc given by the adjoint action by certain elements of 'RTor{x)i etc. We refer 
to [K2] for much more in this direction. 
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Lecture 3. 

In this Lecture, we describe the main examples of Hall algebras : those asso- 
ciated to the categories of representations of quivers over finite fields. This finds 
its source in Gabriel's insight that the set of indecomposable representations of fi- 
nite type quivers can be parametrized by root systems of simple Lie algebras [Gl], 
in Kac's generalization of this result to arbitrary quivers [Kl], and culminates in 
Ringel's discovery [R5] (later completed by Green [G4]) that the Hall algebra of a 
quiver Q contains a copy of the quantized enveloping algebra of the Kac-Moody 
algebra associated to the graph Q underlying Q. After recalling Gabriel's and Kac's 
theorems and some representation theory of quivers, we present the fundamental 
results of Ringel and Green. The last three Sections are devoted to some more 
advanced topics concerning tame quivers (which we mostly state without proofs). 
These are important for Lecture 4. For the reader's convenience, just enough of 
the structure theory of Kac-Moody Lie algebras and quantum groups is reviewed 
in Appendices A.l through A. 4. As for the representation theory of quivers, all of 
the results used below may be found in [Bl] or [CB3]. 

3.1. Quivers. 

Let Q be a quiver with vertex set / and edge set H . We allow Q to have multiple 
edges and cycles, but no loops. The target, resp. source of an edge h will be 
denoted t{h), resp. s{h). By a representation of Q over a field k we mean a 
pair (y, x) where V = Vi is a finite-dimensional /-graded vector space and 
^ = {xh)heH & 0ft, -f^om(Vs(^), A representation {V,x) is nilpotent if there 

exists AT » such that for any n> N, Xh„Xh„-i ■ ■ ■ Xhi = for any path /ii • • • /i„ of 
length n in Q. We let Rep™^Q stand for the category of nilpotent representation of 
Q over k. It is an abelian, fc-linear category satisfying the KruU-Schmidt property. 
Of course, when Q has no oriented cycles then any representation is nilpotent. 

To any vertex is attached a simple representation Si such that = k, Vj = {0} 
for j ^ i and ^ = 0. 

Proposition 3.1. The collection {Si \ i € 1} is a complete set of simple objects of 
RepfQ. 

Proof. Let {V,x) be simple and let io be any vertex such that Vi ^ {0}. Let v GVig 
be a nonzero vector. By the nilpotency condition, there exists a path hi ■ ■ ■ hn 
starting at io such that Xh„ • ■ • Xh-^ • v ^ but Xh^^-^Xh^ ■ ■ ■ Xh^ • u = for all edges 
hn+i leaving the terminal vertex, say ii of This means that Si^ C {V,x} . But 
since V is simple we deduce that V = Si^^^. / 

Corollary 3.2. The following hold : 

i) Any representation (V,x) in Rep^^^Q admits a finite composition series 
consisting of Si 's, 

ii) WehaveK{Repf^Q)':^Z'. 

The class of a representation {V,x) in K{Rep2^''Q) is simply its dimension vector 
dim V = {dim Vi)i^i. 

It is well-known that the category Rep™''Q is hereditary. As a consequence, we 
may easily compute the Euler form on K{Rep™^ Q). Let us assume from now on 



LECTURES ON HALL ALGEBRAS 



33 



that k = ¥q is a finite field. Let 

Cij = #{h G H \ s{h) ^ z,tih) ^ j} 
be the number of oriented edges in Q going from i to j. 
Proposition 3.3. We have {Si,Sj)a = Sij — Cij and 

Proof. This is a consequence of the facts that Rep™''Q is hereditary and that 
dim{Ext^{Si,Sj)) = Cij. •/ 

The matrix of the additive Euler form is A = {aij)ij^i with — 2Sij—Cij —Cji. 
In particular, it is a symmetric integral matrix satisfying 

an = 2, aij < Hi j- 

Therefore A is a generalized (symmetric) Cartan matrix and wc may associate to 
it a Kac-Moody algebra q (see Appendix A.l, A. 2.). The Dynkin diagram of g is 
simply the unoriented graph underlying Q. 

Let {ai I z G /} be the set of simple roots, let Q = 0^ Za^ be the root lattice 
and let ( , ) be the restriction of the Cartan-Killing form to Q. 

Corollary 3.4. The map 

p ■.K{RepfQ)^Q 

V H- »• dim{Vi)ai 

i 

is an isomorphism of Z-modules. It maps the symmetrized Euler form { , )a to the 
Cartan-Killing form ( , ) . 

This is a first, purely numerical, indication of a link between categories of repre- 
sentations of quivers on the one hand and Kac-Moody algebra on the other. This 
link will be made much stronger in the coming paragraphs. 

For completeness, we add the following theorem, which explains the importance 
of quivers in the representation theory of finite dimensional algebras. 

Theorem 3.5 (Gabriel). Let k be an algebraically closed field. Any finite dimen- 
sional k-algebra of global dimension at most one is Morita equivalent to the category 
Rep™'^Q for some (uniquely determined) quiver Q. 

Remark 3.6. There is a version of the above theorem when fc is a finite field : one 
then has to consider not only quivers, but species, or equivalently quivers equipped 
with automorphisms (see [RIO]). 

3.2. Gabriel's and Kac's Theorems. 

Since the category i?ep™'Q is KruU-Schmidt, the next important invariant (after 
the Grothendieck group and the Euler form) is the set of indecomposable objects. 
Call a quiver of finite type if it has only finitely many indecomposables, and call 
it tame if the indecomposables lying in each class in K{Rep^'^^Q) can be arranged 
in finitely many one-parameter families. A quiver not falling in these two sets is 
called wild. 
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Theorem 3.7 (Gabriel). The category Rep^^^Q is of finite type if and only if A is 
positive definite, i. e. if and only if Q is a simple Lie algebra. Moreover, in this case 
the map M = {V,x) J2i dim{Vi)a.i E Q establishes a bisection between the set of 
indecomposable objects and the set A+ of positive roots of g. 

In other words, once we have identified K{Rep'^^^Q) and Q using Corollary 3.4, 
the positive root system A+ pinpoints exactly the classes of indecomposables and 
there is a unique indecomposable belonging to each such class. 

Example 3.8. Suppose that Q is given by 



The associated Lie algebra is g = s[„+i(C). If {ai, . . . , a„} are the simple roots 
then (see Appendix A.l, Example A. 5.) 

A+ = {tti + ai+i H \-aj \ i<j} 

These correspond to the indecomposable representations 



k ^ k ^ ^ k 

J. ..J ■ ■ — — — ■ ■ — — — ■ — — — ■ 

12 i i + 1 j n 

The case of a quiver with the same underlying graph but different orientation is 
entirely similar. A 

Example 3.9. Now let us suppose that Q is 

3 



1 

The associated Lie algebra is now 508(C). If ai, . . . , a4 are the simple roots then 
the positive roots are (see Appendix A.l, Example A. 6.) 

A"*" ={ai I z = 1, . . . , 4} U {ai + a2, a2 + as, a.2 + 0:4} 
U {ai + a2 + 0:3, ai + a2 + ol^, q;2 + as + 0:4} 
U {a\ + a2 + as + 04} U {a\ + 20:2 + as + ol^- 

Of all these roots only the last two do not have support in a subdiagram of type 
A. The corresponding indecomposable representations are 

k 

-^1234 = ^, ' 



and 
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122 34 — 

k k 

In this last case, the three maps k ^ k^ have to be injective, and thus de- 
fine three Unes in k^, or three points (Ai,A2,A3) in P^(fc). The representation is 
indecomposable if and only if these points arc distinct. Moreover the action by 
conjugation at the vertex 2 of GL{2, k) corresponds to the action on (Ai, A2, A3) by 
an element of Auti^^). It is well-known that any triple of distinct points in may 
be brought to (0, 1, 00) by an automorphism, hence /12234 is indeed unique up to 
isomorphism. 

A 

By Cartan's classification (see Appendix A.l.) A is positive definite if and only 
if the quiver Q is of type A„, D„ or Ei with Z = 6, 7, 8. The above examples treat 
the (easy) cases of An and The indecomposables for the exceptional quivers 
are worked out in [RIO]. 

Concerning tame quivers, we have the following result, established independently 
by Nazarova [N2] and Donovan- Freislich [DF] : 

Theorem 3.10 (Nazarova, Donovan- Freislich). The category Rep^^^Q is tame if 
and only if the matrix A is positive semi-definite and has corank equal to 1, i.e. if 
and only if g is an affine Lie algebra. Moreover, 

i) For a € Q, there exists an indecomposable representation M = {V,x) with 

dim{Vi)ai if and only if a G A+, 

ii) If a G A+ is a real root then there exists a unique such indecomposable; 
if a G A"*" is imaginary then, unless Q is a cyclic quiver, there exists a 
one-parameter family of such indecomposables. 



The now phenomenon here, as opposed to the finite type case, is the existence 
of dimensions for which an infinite number of indecomposables exist (when the 
ground field is itself infinite, of course). The case of a cyclic quiver is special, and 
is discussed separately in Section 3.5. As the root system of affine Lie algebras 
contains a single line of imaginary roots, all dimension vectors for which there 
exists several indecomposables are multiple of the indivisible imaginary root 5. 

Example 3.11. The simplest tame quiver is the Kronecker quiver : 

hi 



The matrix of the Euler form is ^ = 




and the relevant Kac-Moody 



algebra is s[2(C). If {ao,ai} are the simple roots then the indivisible imaginary 
root is 6 = ao + ai and 

A+ = {ai + n(5 I n > 0} U {-ai + nS \ n > 0} U {nS \ n > 0}. 

Here are some indecomposables associated to real roots (all maps below are iso- 
morphisms) : 
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lai+S — - hi • I—ai+S — 'hi 

1 1 

Let us now consider dimensions corresponding to the imaginary root 6 : 



7f = k 



•A 



k 
1 



(A,/z)^(0,0) 



It is clear that /j'^'''^ is isomorphic to 1^^ ■* if and only if there exists t G k 
such that (A',/i') = {t\,tfi). Hence the indecomposable representations of class 6 
are parametrized by points of P^(fc). A 



Example 3.12. Let us now choose for Q the following quiver of type D, 



(1) . 




The Kac-Moody Lie algebra here is sb8(C). The indivisible imaginary root is 
5 = ao + CHI + 2q!2 + Q!3 + a4. Indecomposable representations of dimension 5 are 
given by a quadruple of injective maps k ^ k^ 



i-(Ao,Ai,A3,A4) 



k 

6 

k 
i 



k\ 
2 ' 



k 
3 

k 

4 



landing in at least three different lines in fc^ . Each such line corresponds to a point 
A; in ¥^{k). Hence the set of indecomposables is in bijection with the set of ordered 
quadruples (Aq, Ai, A3, A4) of points in F^{k), with at least three of the A^'s distinct, 
and all up to an automorphism of F^{k). This set is a little bit more tricky than 
one might first think : 

Case a). Aj ^ Xj for i = 1,3,4. Then there is a unique <f) G Aut{^^{k)) sending 
(Ai, A3, A4) to (0, 1, 00). It sends Aq to some point x G P^(fc). 

Case b). Two among Ai, A3, A4 are equal; then, up to the action of Aut{F^{k)) we 
may reduce (Aq, Ai, A3, A4) to exactly one of : 

(0,1,1,00), (0,1,00,00), (0,1,00,1). 

Hence, geometrically, the set of indecomposables ressembles a projective line with 
three points being "doubled" : 



(3.1) 
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A 

In a remarkable work [Kl], Kac managed to extend the theorem of Gabriel to 
the case of an arbitrary quiver. 

Theorem 3.13 (Kac). Let Q be an arbitrary quiver. 

i) For a € Q, there exists an indecomposable representation M = {V,x) with 

dim{Vi)ai if and only if a € A"*", 

ii) If a G A+ is a real root then there exists a unique such indecomposable; 
if a € A+ is imaginary then there exists many (i.e. more than one) such 
indecomposables. 

3.3. Hall algebras of quivers. 

We are now ready to compute the extended Hall algebra of Rep^^^Q. We 

assume in this Section that fc = so that Rep'^^^Q is a finitary, hereditary category. 
Moreover, as this category satisfies the finite subobjcct condition (sec Remark 1.6) 
its Hall algebra is an honest Hopf algebra. It will be convenient to introduce a 
new notation v = qi (note that there is a choice of the square root involved here). 

Let us start with some simple calculations of Hall numbers. 

Example 3.14. The simplest quiver in the galaxy : Q = • (one vertex, zero 
arrows). There is but a single simple object S, and any object is isomorphic to 
S®^ for some j. We have Hom{S, S) = k and Ext^{S, S) = {0}, so that {S, S)m = 
qs = y. We have 

[5ei] . [^ej] = uii#Gr{j,i + j)[S®'+^] = v^^ 

since the Hall number in this case simply counts the number of i-dimensional sub- 
spaces in an i + j-dimensional vector space. In particular, 

(3.2) [^]" = i/^^[n]!+[5®"] = 

(see Example 2.3 and Appendix A. 4. for the definitions of j/-binomial numbers). 

A 

Examples 3.15. Assume that Q has two vertices 1 and 2, with c\i arrows going 
from 1 to 2, and C21 arrows going from 2 to 1. The simple modules associated to 
the vertices are denoted S\ and Si; Of course, Hom{Si, S2) = Hom,{S2, Si) = {0}. 

• If C12 = C21 = (i.e. the two vertices are not connected) then there are no 
nontrivial extensions between Si and ^2 and {Si,S2)m = {S2,Si)m = 1- Hence 

[Si]-[S2] = [Si(BS2] = [S2]-[Si]. 

• Assume now that C12 = l,C2i = 0, i.e. that vertices 1 and 2 are connected by a 
single edge going from, say, 1 to 2. We have Ext^ {Si, S2) = {0} and Ext^{S2, Si) = 
k. Then {Si,S2) m — Q 2=1/ and there is a unique nontrivial extension /12 of 
S2 by Si. As Hom{S2, 112) = k, it is easy to see that 

[Si]-[S2] = iy-^{[Si(BS2] + [Ii2]). 



i+j 
3 
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On the other hand, there are no nontrivial extensions of Si by 5*2, thus {S2, Si)m = 1 
and 

[S2]-[Sl] = [Sl®S2]. 

This simple example already shows that and are not commutative in gen- 
eral. 

• Let us keep the same quiver as above. As there are still no extensions of ^2 by 
Si, we have 

(3.3) [S2] ■ [Si]^ = v{v'' + \){S2\ ■ \ST\ = viv-" + e 52]. 

In the other direction, 

\Sif ■\S2\ = v{v-' ^\){Sr\-\S2\ 

= + 1) {[sf^ e S2] + [Si e /12]) 

since Hom{S2,Sf'^ © ^2) = Hom{S2, Si /12) = k. 

Finally, to compute [Si] ■ [S2] ■ [Si] ~ [Si] ■ [Si © S2], note that there are q + I 
submodules of S®"^ © S2 isomorphic to © ^2, but only one submodule of I12 © S2 
isomorphic to ® 52. We deduce that 

(3.5) [Si] ■ [S2] ■ [Si] = (z.2 + l)[5®2 © + [s, © /12]. 

Observe that combining (3.3), (3.4) and (3.5) yields the following equation sat- 
isfied by [Si] and [^2] : 

(3.6) • [52] -{1^ + i^-^)[Si] ■ [S2] ■ [Si] + [S2] ■ [5i]2 = 0. 
Similar computations give the dual relation : 

(3.7) [52]^ • [Si] + u-^)[S2] ■ [Si] ■ [S2] + [Si] ■ [52]^ = 0. 

In fact, as will follow from Ringel's Theorem 3.16, these are the only relations 
satisfied by [Si] and [52]. 

A 

Recall that g is the Kac-Moody algebra associated to the Eulcr matrix A = 
{aij)ij^i of Q. Let U,^{b'_^_) be the positive half of the quantum group U,^{q') 
associated to q (more precisely, to the derived algebra g' of 0)-see Appendix A. 4. 
Here we consider the version of the quantum group Uv{b'_^_) which is specialized at 

V = V. 

The Hopf algebra Ui,(b!,_) is generated by elements Ei, K^^, for i G I subject to 
the following set of relations : 



(3.8) KiKj = KjKi, KiE^KT^ = y'''iEj, ^ijel, 

l-a,, p 

1 - a,; 



ElEjE. ' = 



(3.9) J2 (-1)' 

As for the coproduct and antipodc, they arc given by 

(3.10) A{Ki) = Ki®K„ A{Ei)=E,^l+Ki0Ei. 

(3.11) S{Ki) = Kr\ S{Ei) = -Kr^E^. 
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Theorem 3.16 (Ringel, Green). The assignement Ei ^ [Si], Ki kg. for i & I 
extends to an embedding of Hopf algebras 

The map \1/ is an isomorphism if and only if Q is of finite type, ( i. e. if and only if 
Q is a simple Lie algebra). 

Proof. There are two steps in the proof. First, we need to check that relations 
(3. 8), (3. 9), (3.10) and (3.11) hold in H^^; this will prove the existence of the map 
Secondly, we need to show that \E' is injective. 

The first step is essentially one big (but straightforward) computation. Relations 
(3.8), (3.10) and (3.11) all hold trivially by definition. The only difficulty lies in 
checking (3.9). Note that this relation only involves two vertices i,j £ /. When 
\aij\ < 1, this is treated in Example 3.15. We deal here with the general case. In 
order to unburden the notation, let us set r = Cij , s = Cji and t = r + s = —Oij. By 

Example 3.14, (3.2), we have [5i](') := ^ = i'^^^-'^^[Sf]. As {Sf,Sj)m = 
we have 

MGXi 

where Ii = {M\3NcM s.t. N ~ Sj, M/N ~ Sf}. 

Next, for a representation L of Q of dimension (r + l)ej + e^, we define 

UL=f]i^eiXh, Vl = y^Im Xh, 



. h . 



. h . 



and set Ul = dim{UL), wl = dim(VL). A direct computation shows that 

[M] 



where pM,n = unless Vm C Um, in which case we have 

PM,n = *Gr{n - WM, UM - wm) = ) 

Setting n = t + 1 — I and summing up, we obtain 

E(-1)'[5,]W[5,][5,](")= Yl Pm[^]' 

;=0 [M] s.t.VMCUM 



Um - wm 
n — Wm 



where 



t+i 



_ 'y ^J ^_^yjy—ns—lr+nl+l{l — l)+n{n—l)+{uM—n){n—WM) 
1=0 

t+1 

_ j^(t+l)s—UMWM 'y ^J ^_^Y+l-nj^—(2s+l—UM—WM)n 



Um - Wm 
n — Wm 



n=0 



Um - Wm 
n — Wm 



Clearly, um > s + 1 > wm for any M. We deduce that 1 — um — wm < 
2s + 1 — tiM — Wm < Um + Wm — 1- Now we use the following identity (see, for 
example, [K5, (3.2.8)]) : 
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Lemma. Let m > 1 and letl — m<d<m — 1 with d = m — 1 (mod 2). Then 

m 



-dn 



n=0 



= 0. 



As a consequence, we obtain 



t+i 

5^(-iy[5i]W[5,-][5,](*+i-') = o 

which is nothing else than the i^-Serre relation (3.9). This shows that * is well- 
defined. The fact that ^ is compatible with the coproduct and the antipode is 
straightforward given the definitions. 

Let {, } : U,y(b^) ® U^(b',_) ^ C be the puUback imdcr 5" of Green's scalar 
product on H^. As is a morphism of Hopf algebras and Green's scalar product 
is a Hopf pairing, { , } is also a Hopf pairing. Moreover, by construction it satisfies 

{Ei, Ej} = {Ki, Kj) = , {Ei, Kj) = 0. 

By Theorem A. 18 this completely determines { , }, which coincides with the restric- 
tion to Ui/(b^) of Drinfeld's scalar product on U„(b+). In particular, the restriction 
of { , } to Ui^(n+) is nondegenerate. Hence 

{Ker *) n U,(n+) C (Ker { , }) n U,(n+) = {0}. 

The injectivity of easily follows from the fact that U,^(b'_,_) = C[Kf^]i^iiS)lJ,y{n+) 
while = C[k|;^],e/ ® H^. Of course, the restriction of gives an embedding 
Ui,(n+) — > H^. This concludes the proof of the first statement. 

The second statement, concerning finite type quivers, follows from Kac's theo- 
rem 3.13; indeed, by a quantum version of the PBW theorem (see Theorem A. 16) 
for Uj/(n-|-) we have for any weight /3 

dim U,(n+)[/3] = |{(n„) e N^^ | J^n^a = 

On the other hand, by construction 

dim H^[/3] =\{M g | dim M = 0\\ 

=|{(mc) e N^""^^^ ^ I mi dim / = /3}| 

where Indec Q stands for the set of all indecomposable representations of Q. These 
two expressions for graded dimensions are equal if and only if there is precisely one 
indecomposable of dimension a for all positive roots a e A+. This happens if and 
only if Q is of finite type. We are done. / 

This seems to be the right place to summarize the correspondence between the 
category of representations of a quiver Q and the associated Kac-Moody algebra : 
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Category C = RepkQ 


Kac-Moody Lie algebra g 


Grothendieck group K{C) 


Root lattice Q = 0^ Za, 


Symmetrized additive Euler form ( , ) 


Cartan-Killing form ( , ) 


(classes of) simple objects {Si} 


Simple roots {ai} 


(classes or) indecomposable objects 


Positive root system 


Hall algebra 


Quantum group Uj,(n+) 


Group algebra of -fl'(C) 


Cartan U^(f)) 


Extended Hall algebra H^^ 


Quantum group Uv{b'_^_) 


Finite type, tame type, wild type 


Simple Lie algebra, afRne Lie algebra, 
the rest (!) 



Remarks 3.17. i) The existence of the map 4' as a morphism of algebras is due to 
Ringel [R5], where he also shows that \1/ is an isomorphism for finite type quivers. 
The fact that ^ is also compatible with a comultiplication and a scalar product, 
and its rather easy corollary that is injective, are due to Green [G4]. 

ii) The image of i.e. the subalgebra of generated by the simple objects, 
is the composition subalgebra C^. Lusztig's theory of canonical bases provides a 
geometric characterization of C^^ as a subalgebra of but as this relies on inter- 
section cohomology methods it is highly unlikely that there exists any elementary 
description of the elements of for a general quiver. However, such a description 

does exist when Q is tame sec Section 3.7. 

iii) There is a version of this result for quivers in which loops are allowed. The cor- 
responding Lie algebras are then the so-called generalized, or Borcherds Kac-Moody 
algebras -see [KS]. There is also a version of this result for species (or quivers 
with automorphisms). This provides a construction of quantum groups for non 
necessarily simply laced Kac-Moody algebras. 

3.4. PBW bases (finite type). 

We assume here that Q is a quiver of finite type, and hence that is a simple Lie 
algebra. As in the previous Section, k = ¥q and we set u = . By Theorem 3.16, 
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there is an isomorphism 

:U,(b;) ^H^ 

which restricts to an isomorphism 

1-, :U.(n+)^H^. 

We have added the index to \1/ because we will soon vary the field k and it will be 
important for us to remember the value of q. The pullback under of the natural 
basis {[M] \ M G Obj{RepkQ)} yields a basis {f„.M | M e Obj{RepkQ)} of the 
quantum group Ui,(ti+) specialized at v = v. This basis, usually called the PBW 
basis^ is a very useful tool in quantum groups theory (see e.g. [L6]). What is crucial 
here, and a priori not obvious at all, is that the bases {fj/.Af} for different values of 
q all come from a same basis of the integral form U5J^''(n+) (see Appendix A.4.). 
This, as we will see, is more or less equivalent to the existence of Hall polynomials. 

Before we proceed, let us make the important remark that when Q is of finite 
type, the set of objects of Rep^^^Q is independent of the field k. Indeed, by Gabriel's 
Theorem 3.5, it can be canonically identified with the set of maps A+ N by giving 
the multiplicity of each indecomposable. We denote this set of objects by Og. 

Proposition 3.18 (Ringel). Let Q be a quiver of finite type. Then 

i) For each object L S there exists a unique element S U5J'^*(n+) such 
that, for any finite field k — ¥q we have (fi)|^_y = 5'~^([L]). 

ii) Let M, A^, R be objects of O^. There exists a unique polynomial -PM,Af(0 ^ 
Q[t] (independent of the field k), such that for any choice of finite field 
k = ¥q we have 

OmO-N 

The proof hinges on the following Lemma, which is a byproduct of Auslander- 
Reiten theory (see [CB3]). 

Lemma 3.19. Let Q be a finite quiver. There exists a total ordering -< of the set 
of indecomposables ( independent of the ground field k ) such that 

M ~<N^ Hom{N,M) = Ext\M,N) = {0}. 

Moreover, for any indecomposable M, we have Ext^{M,M) = {0} and End{M) = 
k. 



Example 3.20. Suppose that Q is the equioriented quiver of type An of Exam- 
ple 3.8. Then 

Hom{Ii^,,,j,Ii'^,,,j') = {0} ifi < i' or i = i' and j < j', 

Ext^{Ii^,,,j,Ii'^,,,j') = {0} ifi > i' or i = i' and j > j'. 
Hence we may set Ii,...,j ^ if i > i' ov i = i' and j > j'. A 



strictly speaking, the PBW basis is obtained from {Tm} by a slight renormalization which we 
choose to ignore here. 
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Example 3.21. Let us now consider the quiver of type D4 of Example 3.9. We 
leave it to the reader to check that we may take for ^ any total ordering refining 
the following partial order : 

I12 I123 I123 

h -< I23 -< -^122 34^ -^124 -< /l234-< -^124 
-^24 -^234 -^234 

(the subscript indicates the support of the indecomposable). A 

Proof of Proposition 3.18 : We will first derive statement i). Clearly, if i e 7 and 
n G N then by (3.2) we have 

Let us now argue by induction on the dimension vector dim L. Assume that we have 
proved the existence of fjvf for any M such that dim M < dim L. We distinguish 
two cases : 

Case a) : L has at least two nonisomorphic indecomposable summands. Thus we 
may write L = 7®"^ ® • • • ® 7®"'' where r > 1 and 7; are indecomposables which 
wc may as well order in such a way that Ij -< Ih if j < h. In particular, we have 
Ext^{Ij,Ih) = {0} if j < h. We claim that, in H^, 

(3.12) [7®"i] • • • [7®"'-] = z/^[7®"i e • • • e 7®"-] = u^[L] 

where d = ^j^hnjUfidim Hom{Ij,Ifi). Indeed, any extension of the /®"^ in 
that order is necessarily trivial so that wc only have to compute the Hall number 
P^„j . But as Hom{Ir,Ij) — {0} for any j < r, there is only one submodule 

of L isomorphic to 7®"*", and then only one submodule of L/If'^^ which is isomor- 
phic to lf^l~^, and so on. Hence Pb^ni ,enr = 1 (3-12) is proved. Observe 
that d is independent of k. We may therefore set fi, = v~-fj9ni ■ ■ ■ f^enr . Note that 
as r > 1 we have dim 7®"^ < dim L for all j. 

Case b) : L = 7®" for some indecomposable representation I. Restricting -< to the 
set of simple objects we get a total ordering such that Si -< Sj if there exists an 
arrow j — > i in Q. Let us write all simple objects in this order as {Si^ , , . . . , Si^}. 
Let li = dim{Li) so that dim{L) = ^ • ZjCj. We claim that 

(3.13) [C^'"]---[5f^] = ^^E[^] 

AT 

where d — X]j<h ^ij^ih i'^ij 1 ^ih)a a-iid where N ranges over all representations of Q 
of dimension dL = hei- Indeed, since there are no arrows in Q leaving the vertex 
ii, any representation N of dimension dL has a unique submodule isomorphic to 
. Similarly, there is a unique submodule of N/S^^ isomorphic to S^^ , and 
so on. Hence 

pN _ -I 

This proves (3.13). Because there is at most one indecomposable representation of 
any given dimension, we may rewrite (3.13) as 

JV 
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where N ranges over all representations of dimension cIl which are different from M. 
Note that these all have at least two nonisomorphic indecomposable summands : 
indeed, the dimension of any indecomposable is a positive root and it is known that 
no two positive roots span the same line over Q. Thus, by case a) above, there 
exists an element fjv with the required properties for each of these N. Hence we 
may set 

fM = v~-f^9ii^ ■ ■ ■ f^eiii — fjv- 

This finishes the induction step and concludes the proof of statement i). 

We turn to statement ii). Since {fi/,M} is a basis of U;^(n-|-), the set {fM} is 
linearly independent. By graded dimensions considerations, we deduce that {fM} 
is a basis of U^(n+) (over C(i')). In particular, for any triple M,N,R of objects 
the coefficient of in the product fM • fjv is a rational function j^{v) G C{v). 

We set Pm,n{^) — t~^^^'^'''''^M,N{t^)- ^ priori, this is only a rational function 
in , but note that by construction we have nIi) ^ ^ '^'-'^ '^^y prime power q. 
We leave it to the reader to check that this last property in fact forces j^{q) to 
belong to Q[t]. ' / 

As a consequence of the existence of Hall polynomials, we may, just like in 
Lecture 2, define a "universal", or "generic" version H^^ of the Hall algebra H^, 

which is defined over the ring 

Definition. The generic Hall algebra of Q is the algebra 

H= C[ti,t-i]fM 

in which the multiplication is defined by 

R 



Corollary 3.22. There is an isomorphism of algebras ^ : U„(n+) — > H^, where 
V = . 

Proof. By Proposition 3.18 there is a canonical embedding of C[t), t;~^]-algebras 
i '■ MiQ ^ UJJ^''(n+). Conversely, by definition U^^*(n+) is generated by the ele- 
ments E^^^ for i € I. As these all belong to i(H^) we deduce that i is in fact an 
isomorphism and we may take for ^ its inverse. / 

The generic extended Hall algebra is defined to be the tensor product 
with relations 

[k„kj] =0, 

k,fMk-l=a(^-^^)"fM. 

Of course, a Corollary to the Corollary says that there is an isomorphism ^ : 
U„(fa+) ^ H(j. Thus is a Hopf algebra and there exists "Hall polynomials" 
for the comultiplication A or the antipode S. The basis {fM | M s O^} is called 
the generic PBW basis of Uj;^*(n+). 
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Remarks 3.23. i) With a little more work, one can show that in fact the Hall 
polynoniials Pm n{^) belong to Z[t]. See [Rll] for a thorough treatment of these 
polynomials (some interesting applications are outlined at the very end of that 
paper). 

ii) As one can well guess from Example 3.20. for instance, the "homological" 

ordering ^ on the set of indecomposable representations strongly depends on the 
orientation of the quiver, i.e. it is not something intrinsic to the root system A"*". 
Since the PBW basis {fu | M e O^} is essentially obtained by multiplying together 
following the order ^ elements f/ corresponding to indccomposables, we see that 
the PBW basis of UJJ'^^(n+) depends on the quiver. Hence, strictly speaking, there 
are as many PBW bases of UJJ^*(n+) as orientations of the Dynkin diagram of g. 

3.5. The cyclic quiver. 

We spend this Section describing the Hall algebra of the equioriented quiver of 
type A« 1 : 








Though this quiver is tame, it is in some sense very close to being of finite type : 
the classification of nilpotent modules is independent of the ground field k, and 
in particular there are only finitely many representations of any given dimension. 
This makes it possible to study not just the composition algebra C^^ but the whole 
Hall algebra Hq- As will become clearer in Sections 3.6, 3.7 and Lecture 4, this 
Hall algebra appears in many places and plays an important role in the theory. 

We start by classifying all representations of Q. Fix i e {0, . . . , n — 1} and / > 1. 
Consider a Z-graded vector space V = 0j-=i_,_i_; kej and define x G End{V') by 

x{ej) = ej_i ii j ^ i + 1 — I and .T(ei-|-i_;) = 0. The induced / = Z/nZ-graded 
vector space V = ^^^jVh where Vh = ®j=/jfcej, equipped with the same map 

X e End{V) is an indecomposable representation of Q, which we call . As will 

follow from Proposition 3.24, this is the unique indecomposable of length I and 
socle Si. Clearly /[j.j] only depends on the class of i in Z/nZ. 

Proposition 3.24. For any field k, the representations \ i € Z/nZ, Z > 1} 

form a complete collection of indccomposables. 

Proof. Let {V,x) be an indecomposable. As x is nilpotent, Ker x ^ {0}. Moreover, 
since x maps Vj — > the kernel splits as a direct sum 

(3.14) Ker x = ^{yjr\Ker x). 

j 

By the classification of nilpotent endomorphisms of fc-vector spaces (see Theo- 
rem 2.1), there exists a basis ui, . . . ,UdimV over which x is in canonical form, 
i.e. for which x{uj) € {wj_i,0}. By (3.14), we may even choose the Uj's to be 
homogeneous. The Proposition easily follows. / 

Using the above Proposition, we see that the set of objects of Rep™^Q is in 
canonical bijection with the set H" of n-tuples of partitions (A^, . . . , A„), via the 
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assignement 

tei 'J 

This set is indeed independent of k. The indivisible imaginary root is (5 = ao + 

Ol\ VOin-l- 

Fix k = ¥q and set v = . By Ringcl's Theorem 3.16 there is an embedding 

* : U.(n+) ^ 

Ei ^ [Si] = 

where n+ d sin is the standard positive nilpotent subalgcbra. 

The image of 4* is the composition algebra C H^. Let U' be the two-sided 
ideal of generated by {[Si] \ i €. I}, and let R = (U')-"- be its orthogonal in 
with respect to Green's scalar product ( , ). As ( , ) is a Hopf pairing, R 
is a subcoalgebra (because U' is an ideal) and a subalgebra (because U' is also a 
coideal). The structure of H^^ is given by the next Proposition, proved in [SI] : 

Proposition 3.25 (S.). The following hold : 

i) As a bialgebra, R is isomorphic to a polynomial ring R ~ C[xi,X2,...] 
where deg{xi) = iS, and A'(xi) = Xj (g) 1 + 1 (g) Xj. 

ii) TL is a central subalgebra of and the multiplication map gives an iso- 
morphism (g) R ^ . 

A detailed analysis of R was made by Hubery in [H6] , who obtained the following 
remarkable result : 

Proposition 3.26 (Hubery). The center o/H^ coincides with R. It is generated 
by the elements 

Cr = (-l)V-2™ ^ (-l)*"(-^"'^(*^))aM[M], 

where is the set of representations M of dimension r6 whose socle sac M is 
square-free, i.e for which soc M ~ 0^5'®"* with n, < 1. These elements satisfy 

Observe that, by Proposition 3.25 i), R is abstractly isomorphic, as a bialgebra, 
to Macdonald's ring of symmetric functions A = C[a:i, X2, . . .]®°° (see Lecture 2, 
Section 2.4.). Using Proposition 3.26 we can make this precise. Consider the 
generating function C{z) = 1 + ^^.c^T''. The equation P{z)C{z) = ^C{z) has 
unique solution P{z) = J2r>iPr^^~^- The elements are primitive (that is, 
A'(Pr) = Pr (X" 1 + 1 (S) Pr), and they clearly freely generate R. Thus there is a 
unique isomorphism 

: R ^ A 

Pr ^ (1 - 

where Pr is the power sum symmetric function. This generalizes the map $ (or 
more precisely the map ^(q)) of Section 2.4 which corresponds to the degenerate 
case n = 1. We may view the rings R (for n G N) as another realization of A. Just 
as in Lecture 2, one may wonder what the restriction of Green's scalar product to 
R, transported to A via is. This turns out to bring nothing new : 
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Proposition 3.27 (Hubery). The pullback under $„ of Green's scalar product on 
R is the Hall-Littlewood scalar product given by 

{x,yz} = {A'{x),y>Si z}, 



r 



(3.15) {Pr,Ps} = Sr 



To finish, let us indicate a seeond decomposition of H^j, as a noncommutative 

product this time. Let C be the full subcategory of RepkQ consisting of those 
representatiions iV^x) for which Xi : Vi ^ Vj_i is an isomorphism for all i ^ 1. 
In other words, objects of C are all direct sums ofindecomposables of the form 
l[0\ni] for some / > 1. It is clear that C is an abelian subcategory closed under 
extensions, and which is equivalent to RepkQo where Qo is the Jordan quiver. 
Thus by Corollary 1.16 there is an embedding of algebras 

e„ : H = H^^ ^ 



[^Aj-[0/[O;nA,]] 



Let K c be the image of this embedding. The subalgebras C^^ and K do not 
commute. However, 

Proposition 3.28 (S., [S3]). The multiplication map defines an isomorphism of 
vector spaces K g) Cg ^ H^. 

Remarks 3.29. i) There exists Hall polynomials for the cyclic quiver -see [R12]. 

ii) There is, to my knowledge, no completely elementary description of the elements 
of the composition subalgebra C H^. 

iii) The decomposition ~ (g) R where R is a central polynomial ring exists 

in fact for all tame quivers, as was shown (independently of [SI]) by Hua and Xiao 
[HX]. Of course in this case the structure of R, i.e. the number of generators per 
degree, depends on the ground field k. 

iv) One might ask what the structure of is, for an arbitrary quiver. By a 
theorem of Sevenhant and Van den Bergh (see [SVdB2]), it is always a quantum 
group associated to a Borcherds algebra (usually of infinite rank). The precise 
determination of that Borcherds algebra is however still very much an open problem. 

3.6. Structure theory for tame quivers. 

We collect in this Section several results concerning the category RepkQ when Q 
is a tame quiver. This is necessary before we can describe the exact structure of the 
composition subalgebra C (see Section 3.7.). This will also be important 
for the next Lecture. 

Throughout this Section we fix a tame quiver Q which is not a cyclic quiver and 
an arbitrary field k. Hc^ncic; the; categories RepkQ and Rep^^Q coincide. Proofs 
of the assertions made below can be found in [CB3] . The fundamental tool to use 
here is the following 
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Theorem 3.30 (Auslander-Reiten). There exists a unique pair of adjoint functors 
T, T~ : RepkQ — > RepkQ equipped with natural isomorphisms 

Ext\M,N)* ~ Hom{N,TM) 

Ext\M, N)* ~ Hom{T-N, M). 

Such pairs of adjoint functors are now called Serre functors in general, and 
appear to be a very powerful tool for commutative or noncommutative algebraic 

geometry (sec [BK]). In the case of hereditary algebras they were invented by 
Auslander and Reiten and are known as Auslander-Reiten translations. 

Obviously, tM = if and only if M is projective while r^A^ = if and only if 
N is injective. In addition, if M,M' are non zero then {tM = M') {t~ M' = 
M). This means that r, t~ are inverse bijections between non- projective and non- 
injective objects in RepkQ- 

An indecomposable representation M is called : 

- preprojective if r*M = for i ^ 0, 

- preinjective if t~'^M = for i 0, 

- regular if r'M 7^ for i e Z. 

Let V.T.TZ denote the set of preprojective, preinjective or regular indecompos- 
ables respectively. Though it is not obvious from the definitions, the sets V and 
1 are disjoint (recall that Q is tame). Clearly, the AR translations t,t~ preserve 
each of the sets V,T,TZ. Call a module preprojective if all of its indecomposable 
summands are preprojective, and let P denote the full category of RepkQ consisting 
of preprojective modules. The categories I, M are defined in a similar manner. 

Proposition 3.31. The categories P and I are exact and stable under extensions. 
The categoryR is abelian and stable under extensions. In addition, if M gP,N Gl 
and L e R then 

(3.16) Hom{N, M) = Rom{N, L) = Hom{L, M) = {0} 

(3.17) Ext\M,N) = Ext\L,N) = Ext\M,L) = {0} 

Let us draw a picture of the indecomposables as follows 




where the projective {P{i) \ i G 1} are on the extreme left, followed by the modules 
{T~P{i) 1 i G /}, etc.; the injectives {I{i) \ i & 1} are on the extreme right, 
then {Tl{i) \ i G I}, etc.; the regular modules are put in the middle. The above 
Proposition says that morphisms go from left to right, whereas extensions go from 
right to left. 

Let us now proceed to describe completely the structure of the regular indecom- 
posables. Call such a module simple if it contains no nontrivial regular submodule, 
and call it homogeneous if tM ~ M. If M is simple then = End{M) is a field 
extension of k; the degree of M is the index [kM '■ k]. 
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Any regular module M e M has a composition series whose factors are regu- 
lar simples. Conversely, given regular simple modules Mi, . . . ,Mr we denote by 
Cmi,...,m^ the subcategory of R consisting of modules with a composition series 
whose factors all belong to {Mi, . . . , Mr}. 

Proposition 3.32. The following hold : 

i) If M is simple homogeneous then dim M = [kM '■ k]S and Cm is equivalent to the 
category of nilpotent representations of the Jordan quiver over kM ■ 

a) If M is non-homogeneous then kM = k and there exists an integer r > such that 
t'^M ~ M, T^M 9^ M for < s < r. Moreover we have J2lZo dim t^M = 5 and 
the category Cm,tM,....t^-'-m is equivalent to the category of nilpotent representations 
of the cyclic quiver of length r, over k. 

Of course, under the equivalence in statement i) above the object M goes to 
the simple object S (see Lecture 2), while under the equivalence in ii), the simple 
objects M,tM, . . . ,t'^~^M are mapped to the simple objects Si, S2, ■ ■ ■ ,Sr (see 
Section 3.5.). 

Before stating the main structure Theorem for the category K, let us recall that 
a closed point x of over a field k is nothing but a homogeneous maximal ideal 
VCKx of the graded ring k[Xi^, Xi\, and that the degree of x is simply the index 
[fc[Xi,X2]/ma; : k] (hence the usual points of ¥^{k) correspond to closed points of 
degree one). 

Theorem 3.33 (Ringel). Let d and pi, . . . ,pd be attached to Q as in the table 
(3.18) below. Then 

i) There is a degree-preserving bisection M^ x between the set of homoge- 
neous regular simple modules and closed points of¥^\D where D consists 
of d points of degree one. 

ii) There are exactly d r-orbits Oi,. . . ,0^ of non-homogeneous regular simple 

modules, and they are of size pi, . . . ,pd respectively. 

iii) The whole category K decomposes as a direct sum of orthogonal blocks 

K= n^^=^^ II Co,. 

xeP'-XD 1=1,. ..,d 



(3.18) 



type of Q 


d 











A^n\ n > 1 


2 


Pi = #arrows going clockwise 
P2 = #arrows going counterclockwise 


^(1) 


3 


2,2,n-2 


eI,'\ n = 6,7,8 


3 


2,3,n-3 



The subcategories Cm^ and Cq^ are called homogeneous and non-homogeneous 
tubes respectively. 

The values of d and pi, . . . ,Pd can in fact be read off quite simply from the finite 
Dynkin diagram of same type as Q. Note that these are all shaped as "stars" with 
a central vertex out of which some branches are coming; d is simply the number of 
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such branches, and pi, . . . ,pd are their respective lengths (there is an ambiguity in 
type A, and one has to be more careful there ). 

Example 3.34. Let us consider again the Kronecker quiver of Example 3.11. of 
which we keep the notations : 

• r • 

1 

The indecomposable I^^''^^ is always regular, simple and homogeneous. When k 

is not algebraically closed, there are also higher-order regular simples (see [RIO]). 
Hence, all together, the category Repk{Q) looks like this : 



(3.19) 



P(0) T-P(O) 



P(l) r-P(l) 



T/(0) /(O) 



r/(l) /(I) 



For simplicity, only the regular modules generated by simples of degree one have 
been drawn in the above picture, but it is important to keep in mind that when k 
is not algebraically closed, there are infinitely many homogeneous tubes of regular 
indecomposables which start in degrees /(5, / > 1. Also, following custom, we drew 
dim(M, M') arrows between neighboring indecomposables M and M'. 

A 



Example 3.35. Let Q be the quiver of type d'^^ of Example 3.12. : 




The indecomposable j^^O'-^^'^^'^^^ jg always regular. It is simple if and only if 
Ao,Ai,A3,A4 are all distinct, in which case it is also homogeneous. The others, 
which are not simple, belong to the three non-homogeneous tubes generated by the 
r-orbits {/123, -^024}, {-^124, ^023}, {-^012, -''234}- Compare with the picture (3.1). 

A 

3.7. The composition algebra of a tame quiver. 

To finish off this Lecture, we proceed to describe as precisely as possible, following 
Zhang [Z2] and Hubery [H7], the elements of the composition algebra C^^ of a tame 

quiver Q. We assume here again that Q is not a cyclic quiver. The ground field 
is k = ¥q and as usual u = . We will freely use the no(ta)tions of the previous 
Section. 

We start by observing the following important fact. Let Hp, Hjr, Hi be the Hall 
algebras of the exact categories P, M and I. As all of these categories are stable under 
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extensions, Corollary 1.17 gives us natural algebra embeddings Hp ^ H^,Hr ^ 
and Hi H^. The categories Coi, ■ ■ ■ ,Cod generated by non- homogeneous 
regular simple representations arc all abclian and also closed undca- extensions. 
Thus we have embeddings Hj := Hco^ ^ Hr ^ H^. By Proposition 3.32 ii), Hj 
is isomorphic to the Hall algebra of the cyclic quiver studied in Section 3.5. The 
composition subalgebra of Hj will be denoted Cj. 

Lemma 3.36. The multiplication map induces an isomorphism of vector spaces 
Hp(8>Hr(8)Hi[ ~H(5. 

Proof. Any object M of RepkQ decomposes as a direct sum M = Mp © Mr © Mj 
of a preprojective, regular, and preinjective module. We claim that 

(3.20) [Mp]-[Mr]-[Mj]=i^'[M] 

where e = {Mp,MR)a + {Mp,Mi)a + {MR,Mi)a. First note that by Proposi- 
tion 3.31 any extension of Mp, Mr, Mj in this order is trivial, so that the only mod- 
ule appearing in the product is [M]. Furthermore, since Hom{Mi, Mp®Mr) = {0} 
and Hom(MR, Mp) = {0}, there is a unique filtration C ii C L2 C M 
satisfying Li ~ Mi,L2/Li ~ Mr and M/L2 ~ Mp. Thus the Hah number 
^Mp Mr Mi equal to 1 and (3.20) follows. From this it is easy to deduce that 
m : Hp (g) Hr (g) Hi — »• H^^ is both injective and surjective. / 

The composition algebra C^^ turns out to be itself compatible with the above 

triangular decomposition. This will be a consequence of the fact that it is stable 
under the old coproduct map A', as the proof of the next Proposition shows. Set 
Cp = n Hp and define Cr, Ci in a similar fashion. 

Proposition 3.37 (Zhang). The multiplication map induces an isomorphism of 

vector spaces Cp (g) Cr (g Ci ~ C^ . 

Proof. Set Ck©i = C^ fl Hr^i. We start by showing that C^ = Cp • Cm©i. Fix 
X e C^ and decompose it as a sum 

(3.21) X = '^Xai,0i, Xai,j3i G (Hp[ai]) • (HRei[/3i]). 

i 

In the above. ai,[3i are dimension vectors satisfying a; + (3i = deg{x), and Al"/] 
indicates the component of the algebra A of degree 7. We will prove by descending 
induction on a, that Xai,i3i G Hp • Cr©i. Let i be such that at is maximal, and let 
us consider the component p (x) of A'{x) which lands in (H^[ai]) (g (H^[/?i]). 
As C^ is generated by the simples {[iSj]} and as A'{[Sj]) = [Sj] (g) 1 -I- 1 (g) [Sj], 
the composition algebra C^ is stable under the coproduct, and thus A^.^. (a;) lies 
in (C^[Q;j]) <g) {C^lPi]). Write Xai,/3i = • Upi where P/ is preprojective and 

Upi G Hr0i. Let TT : H^ ig) H^g Hp (g H^ stand for the natural projection (with 
respect to the defining basis {[M] \ M e Obj{RepkQ)}). We claim that 

(3-22) TTo a;,^,^^(x„„^J = ^[P/] 0«p.. 

I 

Indeed, if tt o A^. ^. ([M]) ^ then there exists a projection M -» P for some 
preprojective module P of dimension ai. By Proposition 3.31, this implies that the 
preprojective component of M is of dimension at least a^. Since by our assumption 
ai was chosen to be maximal among all dimensions appearing in (3.21), we deduce 
the first equality of (3.22). As for the second equality, it follows from the definition 
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of A' and the fact that any module of the form P © T with P preprojective and T 
in M ® I has a unique submodule isomorphic to T. As a consequence, we have 

= {[Pir ® i)K,fsA^) e mr ® i) • ® c c^^ 

and hence Upi € Cr^i. This proves the first step of the induction. Next, fix j and 
assume that Xai,f3i S Hp • Cp^i for any i for which > aj. Let us write as before 
Xaj,i3j = X^/I-f/] ' ■"p^ where Pj^ is preprojective and Upj € H1101, and consider 
again tt o /sX^)- This time, we have, using Proposition 3.31 

I ai>aj h 

Hence, 

="p/+ E E([^/r®i)AL„„,-„,(ra)-(i®np^). 

ai>aj h 

By the induction hypothesis Upi G C^m hence 

h 

Upj e {C^ + Hp • Cr0][) n Hr0][ = n Hr®! = Cr®! 

as desired. This concludes the induction step and proves that C Hp • CMei. 

An absolutely symmetrical argument, based on a descending induction on /Jj this 
time, shows that C Cp • Hr0i. But then 

C (Cp ■ Hr0i) n (Hp ■ Cr0i) = Cp • Cr0][. 

Finally, we may repeat the same argument again for Cr0i in place of to obtain 
the inclusion Cr®i C Cr • Ci. This yields the inclusion C Cp • Cr • Ci. The 
reverse inclusion is obvious. We are done. / 

The hard part is now to determine Cp, Cr and d. The following Proposition 
takes care of a little over two-thirds of the problem. 



Proposition 3.38 (Zhang). We have Cp = Hp and Cj = Hj. Moreover, Ci C Cr 
fori=l,...,d. 



To complete the description of Cr, we need to introduce a few more notations. 

Recall from Theorem 3.33 that R decomposes as a direct sum of categories Cx — 
Repk^Qo and Co- ~ RepkA^^_-^, where x ranges over all closed points of P^\£', Qq 
is the Jordan quiver, and i = 1, . . . ,d. As a consequence, 

Hr~ (g) He, «)(g)Hco,. 

For X G P^\Z? let : A ^ He, be the isomorphism constructed in Section 2.4. 
(with ground field equal to kx), and for i = 1, . . . ,(i let be the composition 
A ^ H K where K c Hc^ is defined in Section 3.5 (strictly speaking, the 
definition of K presupposes the choice of a distinguished simple object in Coi, 
corresponding to the vertex labelled 1; the results here do not depend on such a 
choice). 

Now, for r > 1, put 

T ^ /^'^^^^^^''^^^^^H^iisy^ ifdeg{x)\r, 
1 otherwise 
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and Tr = Y^^Tr^x + Ei^r.i- Note that deg{Tr) = r6. Let K' c Hr be the 
subalgebra generated by Ti, T2, It is clear that K' ~ C[Ti, T2, . . .]. 

Proposition 3.39 (Hubcry). The following hold 

i) The algebra K' belongs to Cr. Moreover the multiplication map induces an 
isomorphism of vector spaces K' 0. Cj ^ Cr. 

ii) The center Z of Cr zs isomorphic to K' anrf f/ie multiplication map gives 
an isomorphism Z (g) 0- Cj ^ Cr. 

Example 3.40. Let Q be the Kronecker quiver 

• ; • 

1 

Then, as an easy computation shows, 

ASi]-[S2]-[S2]-[s,]= Yl i^s]- 

Thus we see that the average over all regular indecomposables of degree one belongs 
to Cr. This is simply Ti in the notation above. The T^'s for r > 2 may also be 

obtained as (more complicated) commutators. A 

Remarks 3.41. i) As was recently showed by Hubery in [H9], Hall polynomials 
exist for any tame quiver. 

ii) The proof of Proposition 3.37 may be applied verbatim to obtain the following 
general statement : 

Proposition 3.42. Let A be a finitary hereditary category satisfying the finite sub- 
object condition, and let X = XiU - ■ ■ UXr be a partition of the set of indecomposables 
of A satisfying Hom(Xi,Xj) = Ext^{Xj,Xi) = {0} if i > j. Let C be a subalgebra 
of stable under the map A. Then the multiplication induces an isomorphism 
Ci (8) • • • (g) Cr ^ C, where C, = C fl H^. and Ai is the additive subcategory of A 
generated by Xi . 
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Lecture 4. 



In this Lecture we momentarily forget about quivers to turn our attention to 
another very natural class of hereditary categories, namely the categories of co- 
herent sheaves on smooth projective curves X. The category Coh{X) is never of 
finite type (i.e. there always are infinitely many indecomposables objects) and is 
tame if and only if X is of genus zero (i.e. X ~ P^), or of genus one (i.e. X is an 
elliptic curve) . Inspired by some problems in number theory, Kapranov studied in 
the deep paper [K2] the Hall algebra Hx := ^Coh{x) (or more precisely a certain 
"composition subalgebra" C H^) and observed some strong analogies with 
quantum loop algebras. This becomes a precise theorem when X = P^, in which 
case the composition algebra Cx turns out to be a certain subalgebra of U,y(sl2). 

In [S3] , Kapranov's Theorem was generalized to the case of Lcnzing's weighted 
projective lines ^p,\ which may be viewed as noncommutative, or orbifold, pro- 
jective lines, and which form a very natural and important class of hereditary 
categories. The Hall algebras are now related to quantum groups associated to 
loop algebras of Kac-Moody algebras. The categories Coh{Xp^x) themselves are still 
quite mysterious. In fact, the classification of (classes) of indecomposables (i.e. 
the analogue of Kac's Theorem 3.13) was only proved recently by Crawley-Boevey 



After describing Kapranov's fundamental results in the case of and the notion 
of a weighted projective line 'Kp.x, we state in this Lecture the main Theorems of 
[CB2] and [S3] concerning the structure of Coh{Xp^x) and its Hall algebra, paying 
special attention to the cases when X^^^ is of genus at most one. Motivated by this, 
we then describe, following the joint work of I. Durban and the author [BSl], the 
Hall algebra of an elliptic curve. In the last section we compile what is known and 
expected of Hall algebras in higher genus. Appendices A. 5. and A. 6. contain all 
the necessary properties of loop algebras and their quantum groups. 



For the notion of a coherent sheaf on an algebraic variety, we refer to [H3]. We just 
recall here a few basic facts; this will also be useful for comparing with weighted 
projective lines. Let X be a smooth projective variety defined over a field k which 
will be either C or a finite field. 

A torsion sheaf on X is a sheaf whose support is a finite set of points. The 
notion of a locally free sheaf on X is equivalent to the notion of a vector bundle 
E ^ X. As usual, O stands for the structure sheaf on X (the trivial line bundle). 
The category Coh{X) of coherent sheaves on X, contrary to the category Vec{X) 
of vector bundles, is abclian (in fact, Vec{X) is an exact subcategory of Coh{X)). 
By a theorem of Serre, when X is smooth we have gldim{Coh{X)) = dim{X), and 
when X is projective 



Hence Coh{X) is a finitary hereditary category if and only if X is a smooth pro- 
jective curve defined over a finite field k = ¥q. Under this hypothesis which we 
henceforth make, any sheaf J- has a canonical (maximal) torsion subsheaf T <Z T 
and canonical quotient vector bundle V = T jl . Moreover the exact sequence 



[CB2]. 



4.1. Generalities on coherent sheaves. 



dim(Ext'(J",g)) < oo, 



V e Coh{X). 







^0 



splits; that is, any sheaf can be decomposed as a direct sum .F = V ® T. 
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Let Tor{X) stand for the (abelian) full subcategory of Coh{X) consisting of 
torsion sheaves. It decomposes as a direct product of blocks 

Tar{X) = n Tor^ 

xex 

where x ranges over the set of closed points of X and ToTx is the category of torsion 
sheaves supported at x. This last category is equivalent to the category of finite- 
dimensional modules over the local ring at X which, by the smoothness of X, 
is a discrete valuation ring. Thus, in the end, ToTx is equivalent to the category 
Rep^'^jQo of nilpotent representations of the Jordan quiver over the residue field 
kx = O^"^ /m^''\ In particular, there is a unique simple sheaf Ox supported at x. 

The rank of a coherent sheaf is the rank of its canonical quotient vector bundle 
V. The degree of a sheaf is the only invariant satisfying deg{0) = 0, deg{Ox) = 
deg{x) = [kx ■ k] and which is additive on short exact sequences (i.e. which factors 
through the Grothendieck group K{Coh{X))). 

To finish, let us state some important homological properties of C'oh{X). Let 
LUx stand for the line bmidlc of differential forms. The exact functor Coh{X) 
Coh{X), • I— > ■ (g) wx is a Serre functor^ , that is there are natural isomorphisms 

(4.1) Ext\T,gy :=^Hom{g,T®u)x)■ 
One consequence of this is that for any T G Tor{X) and V G Vec{X) one has 

(4.2) Hom{T, V) = Ext\V, T) = {0}. 

In particular, Ext^{Ox,0) ~ fc'i'=9(^) for any closed point x of X, and there is a 
unique line bundle extension of Ox by O, which is denoted by 0{x). 

4.2. The category Coh{F^). 

Everything concerning Coh{X) becomes very explicit when X = P^. Recall that 
the homogeneous coordinate ring of is the Z-graded ring S = k[Xi,X2\ where 
deg{Xi) = deg{X2) = 1. Hence a closed point x of is simply a maximal (homo- 
geneous) ideal m^; of S. To any finitely generated graded S-module M = 0. Mj 
is associated a coherent sheaf M~. The resulting functor" : S—Modgr — > Coh{F^) 
is, however, not an equivalence. Let S~Fin be the full subcategory of S—Modgr 
consisting of finite-dimensional graded modules. This is a Serre subcategory, i.e. it 
is abelian, stable under extensions, subobjects and quotients. 

Theorem 4.1 (Serre). The functor~ induces an equivalence of categories 

S-Modgr/S-Fin ^ Coh{F^) 
(where the quotient category is defined in the sense of Serre, see e.g. [G2]). 

In more plain terms, Scrrc's Theorem states that two graded S-modulcs M and 
N give rise to isomorphic coherent sheaves if there is an isomorphism (of graded 
S-modules) M>„ := 0.>„ Mi ~ N>n := 0j>„ Ni for n > 0. Similarly, we have 

(4.3) Homcoh{¥^){M~N~) = Lim Homs{M>n,N). 

The first important result concerning the category Coh{F^) is the following one : 



actually to be precise the Serre functor is the autoequivalence of the derived category given 
by •!-->. (gi u!x [1] . Without the shift [1] , the functor is called the Auslander-Reiten translate. 
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Theorem 4.2 (Grothendieck, [G5]). Any indecomposable vector bundle is a line 
bundle. Two line bundles are isomorphic if and only if they have the same degree. 



For d € Zwe will denote by 0{d) the (unique) line bundle of degree d. We have 
0{d) = S[rf]~ where S[d] is the dth shift of the trivial module S, i.e. S[d]i := 8^+^. 
If T is any coherent sheaf we set J^{d) = T ® 0{d). An easy consequence of 
Grothendieck's Theorem is 



Corollary 4.3. We have K{Coh{F^)) = 1? . The class of a sheaf is given by 

the pair {rank{!F),deg{!F)). 

Proof. Let x, y be any two closed points of degree one, the extensions 
^ O ^ 0{x) ^ ^ 

> O > 0{y) ^ Oy ^ 



show that, in K{Coh{F^)), we have O + = 0{x) = 0{1) = 0{y) = + 0y, so 
that Oy = Ox- The same argument shows that Oz = deg{x)Ox, and finally that 
T = deg{T)Ox for any torsion sheaf. But then = rank{!F)0 + deg{J^)Ox, and 
we are done. / 



The Euler form on K{Coh{^^)) is now also easy to compute. Since 
Hom{0{n),0{m)) 



{0} if n > m 



and since ujx = 0{2), we deduce (using (4.1) that 

Hom{0, 0) = Hom{Ox, O^) = Hom{0, Ox) = k, Hom{Ox, O) = {0} 

Ext\0, 0) = Ext\0, Ox) = {0}, Ext\Ox, O) = Ext{Ox, Ox) = k. 
Therefore 

(4.4) {J^, g)a= rank{J^) {rank{g) + deg{g)) - deg{J^)rank{g), 

and {T,g)a = 2rank{J^)rank{g). 

As first observed by Kapranov, we may summarize all this in the following man- 
ner. Let Q = be the affine Lie algebra associated to 5(2, and let Q = Za © Z(5 
be its root lattice (see Appendix A. 3.). 



Corollary 4.4. The map 

p : K{Coh{F^)) Q 

T ^ rank(T)a + deg{T)5 

is an isomorphism of "L-modules. It sends the symmetrized Euler form {, )a to the 
Cartan-Killing form ( , ) on Q. Under the identification by p, the set of classes of 
indecomposable sheaves is the nonstandard set of positive roots 

(4.5) <^+ = {a + n5\n&'L}u{n5\n> 0}. 

Moreover, 

i) i/ /3 G ^5 real then there exists a unique indecomposable sheaf T of class 

ii) If P G is imaginary then there exists a -family of indecomposable 
sheaves of class (3. 
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To finish with the presentations, let us draw a picture of Coh{V^), similar to the 
ones appearing in Section 3.6. for tame quivers. We plot one point for each in- 
decomposable and draw dim(.7-', JF') arrows between neighboring indecomposablcs. 
We use the homological ordering, that is, morphisms go from left to right while 
extensions go from right to left. 



(4.6) 

e>(-3) e>(-i) 0(1) 0(3) 

e»(-2) O 0{2) 

For clarity, only the subcategories Torx with deg{x) = 1 have been drawn. 

4.3. The Hall algebra of Coh{F'^). 

The ressemblance between Corollary 4.4 and Kac's Theorem 3.13 will certainly not 
have escaped the reader's sagacity. At this point it seems natural to expect that 
the Hall algebra Hpi is closely related to the quantum group Ui,(s[2). This is the 
content of Kapranov's Theorem, which we will soon state. Before this, let us work 
as usual through some sample computations of Hall numbers. Set k = ¥q and put 
1/ = q2. The Hall algebra of Co/i(P^) over k will simply be denoted Hpi. 

Example 4.5. Since Tor{F^) is an abelian subcategory of Coh{P^) which is closed 
under extensions, there is an natural embedding of Hall algebras tlTor{P'^) Hpi 
(see Corollary 1.16). Moreover, because Tor(P^) decomposes as a direct prod- 
uct rixepi ToVx, there is an isomorphism Hj'or(pi) ~ (S^xepi HTorx- Finally, each 
HTor« is isomorphic to a classical Hall algebra (with respect to the ground field 
kx)- 

A 

Example 4.6. Assume that J^,G are two sheaves such that Hom{Q,T) = {0}. 
Then by Serre duality 

Ext\T,g)* c:^ Hom{G{2),T) ^ Hom{g,T{-2)) = {0} 

since there is a canonical embedding ^ T. We deduce that 

(indeed, any extension is trivial since Ext^[T,Q) = {0} and there IS a unique 
subsheaf oi T ®Q isomorphic to Q since Honi(Q,!F) — {0}). We may apply this 
to the following situations : we have Hom{0{n),0{m)) = {0} if n > m, and 
Hom{T, V) = {0} if T is a torsion sheaf and V is a vector bundle. Hence 

(4.7) [0(ni)] • • • [0{nr)] = zy^*<^ Hom(0{n,),0{n,))p^^^^ (B ■ ■ ■ ® 0(n,)] 

if ni < 722 ■ • • < nr, and 

(4.8) [V] • [T] = Hom(v,r) [V e T] = v'^'^lV ® T] 

if V is a vector bundle of rank r and T is a torsion sheaf of degree d. 

A 



Ox 



Ox' 
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Example 4.7. Let d G N and let us set 

r=(o,i) 

where the sum ranges over all torsion sheaves of degree d. To compute the product 

1^5 • [C(^)] wc first note that any extension between a torsion sheaf of degree d and 
0{n) is of the form 0{n + s) © T' for some torsion sheaf T' of degree d — s. Next, a 
map (p : 0{n) — > 0{n + d — s) © T' is injective if and only if 7m (f) (fi T', and such a 
map has a cokernel which is a torsion sheaf of degree d. There arc, up to a scalar, 
^^{s+\)+(,d-s) _ qd-sy(^q - 1) = q'^-^is + 1]+ such maps. Thus, all in all, we obtain 

d 

«=OT^=(0,d-s) 

d 

(4.9) =Y^u'^-^[s + l] [0{n + s)®T'] 

«=0 T^=(0,d-s) 
d 

= Y}s + l][0{n + s)]■l^^a-s)6 

s=0 

A 

Example 4.8. As a final example, let us compute the product • [0(m)] when 

n > m. Since any extension of 0{m) by 0{n) is of the form 0{m + s) © 0{n — s) 
for some < s < (n — m)/2, we have 

s=0 

In order to calculate the Hall number ^©(^^ o*'**)^^" *^ we need only count the 
number of nonzero maps (j) : 0{m) 0{n — s) © 0{m. + s) whose cokernel is locally 
free; indeed any such map is injective and by Grothendieck's Theorem 4.2 any line 
bundle of degree n is isomorphic to 0{n). Let us write (j) = (f)i ® (j)2 with 

e Hom{0{m),0{m + s)) ~ Lim Homs{S[m]>uS[m + s\) ~ k[Xi,X2]s, 

4>2 e Hom{0{m),0{n- s)) c:^ Li^m Hom^s(S[m]>i,S[n - s]) ^ k[Xi, X2]n-s-^- 

Thus we may view the maps ^1,^2 as homogeneous polynomials in k[Xi,X2] of 
degrees s and n — s — m respectively. For Im to be a vector subbundle, i.e. for 
Coker ^ to be a vector bundle it is necessary and sufficient that (pi and (f)2 be 
relatively prime. Indeed, the support of the torsion sheaf Coker (pi for i = 1,2 is 
the set of homogeneous prime factors of (pi and Im (p is a. subbundle if and only if 
these two supports do not intersect. 

Claim ([BK]). Let at,w stand for the number of pairs of coprime homogeneous 
polynomials (P, Q) in X2] of respective degrees t and w. Then 

_ ((g- l)(g*+"'+i - 1) ift = Ooru; = 0, 
~\{q-l)iq^- l)q'+^-^ if t > 1 and w > 1. 

Proof. Let 6^,t stand for the number of pairs of homogeneous polynomials {R, T) 
in fc[Xi,X2] of degrees t and w. We have 6t,w = {q*^^ — l)(g"'~'~"^ — 1) while on 
the other hand we may write any such pair as [R, T) = {DP, DQ) where £> is a 
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polynomial of degree, say, s, and {P, Q) are coprime of degrees t — s and w — s. As 
D is well-defined up to a scalar, we deduce that 



bw,t = ^ 



5<min(t,io) 



-at- 



The claim follows by an induction on mm{t, w). / 

Thus, putting everything together we get 
(4.10) 

L^J 

[e>(n)]-[0(m)] =i/"-™+3[O(m)e0(n)]+ ^ i^"--"'-\u'^-l)[0{m+s)®0{n-s)]. 

A 



We now turn to Kapranov's Theorem. Let us regard the Lie algebra not as a 
Kac-Moody algebra but rather as the loop algebra £5(2 of 5(2 (see Appendix A. 5. 
for the definition of the loop algebra of a Kac-Moody algebra). Let £b+ C Csl2 
be the positive Borcl subalgebra associated to the set of nonstandard weights <!>+ 
defined in (4.5). Let U^(£sl2) be the quantum loop algebra of 5(2, and let TJy{£b+) 
be the positive Borel subalgebra of U„(£5[2) (see Appendix A. 6.). Thus U^(£b+) 
is generated by elements Ei for Z S Z, for n € Z* and K^^, C^^/^ modulo the 
relations 

(4.11) C=^i/Ms central 



(4.12) [K,Hn] = [Hn,Hi]=0, 

(4.13) KEkK-^ = v^Ek, 

(4.14) [Hi,Ek] = j[2l]C-\'^/^Ek+i, 

(4.15) Ek+iEi - v^EiEk+i = v^EkEi+i - Ei+^Ek. 



We let U,y(£b+) be the specialization at f = of XJy(Cb+). Recall that for 
all closed points x G there is an isomorphism : A ^ Htov^ where A is 
Macdonald's ring of symmetric functions (see Lecture 2). Here, if x is of degree 
deg{x) > 1, we view 'Rtovx as the classical Hall algebra over the ground field k = k^- 
For r > 1, put 

Tra: = /^'^^^^^^'^^^ ^^35^X^1 ^ iideg{x)\r, 
1 otherwise 

and Tr = J2x ^r,x- Note that deg{Tr) = rS. 

The following Theorem was stated (and a sketch of a proof was given) in [K2]. 
A detailed proof first appeared in [BK] . Let us slightly extend the Hall algebra Hpi 
by adding a square root kj^^ of k^ and let us denote by Hpi = Hpi (8>c[]j±i] C[k^^^^] 
the resulting bialgebra. 



Theorem 4.9 (Kapranov, [K2]). The assignem,ent Ei ^ [0{l)] for I e Z, iJ,. 

lrl/2 1/9 1/2 

T^k^ for r >1, K ^ k© and C ' ^ k^ extends to an embedding of algebras 

* : U,(£b+) ^H;i. 
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Proof. Relation (4.11) is obvious since 6 is an isotropic root (i.e. {6, a)a = for any 
weight a). Relation (4.12) comes from the fact that Hn is of weight n6, that the 
classical Hall algebra is commutative and that of course the Hall algebras Uxor^ 
and UToTy associated to distinct points x and y commute. Relation (4.13) follows 
from the definitions. Thus (4.14) and (4.15) are the only relations for which one 
has to work. We begin with the following Lemma : 

Lemma 4.10. We have 1 + J2r>i ^rss'^ = exp{J2r>i H*'"^' 
Proof. Since Hyorpi is commutative, we have 

Since on the other hand 1 + Y,r>i '^rss'^ = Yl^Gr'^i^ + Sr>i lr-5,xs''), where 

^=(0,r-) 

it suffices to show that expQ2^^-^ ^[^■s'') = 1 + X)^>i lr<5,xs'^- This is in turn a 
consequence of the following identity in the ring of symmetric functions A : 

1 + hrs'^ = exp(y^^ —s^), 

r>l r>l ^ 

where hr is the complete symmetric function. / 
With a little algebraic manipulation, we may rewite the formula (4.9) as 

(4.16) \{s)0{t) = Oit)lis)j^—j^^^—j^^ 

where l(s) = 1 + J2r>i ^rss'' and 0(t) = J2r>oPirW- We have, by Lemma 4.10, 
log{l{s)) = E.>i ^s'- =: T(s). Thus, by (4.16), 

(4.17) [T(.), 0(t)] = -Oit)logiil " |;)(1 " f )), 



which with a little effort may be rewritten as 

[^,[0(n)]] = ^^^:^[0(n + r)], 

or 

[T,,[0(n)]] = i|i[0(n + r)]. 

Relation (4.14) follows. The last relation (4.15) is a consequence of formula (4.10). 
We have proved that there indeed exists an algebra homomorphism 

4':u,(/:b+)^H;i. 

To show that this map is injective, we will use a graded dimension argument. 
Let U^(c) be the subalgebra of XJu{Cb+) generated by Ei,l > and Hn,n > 1. 
Thus U,y(c) is a deformation of the enveloping algebra U(c) of the subalgebra 
c := (n C[t]) © (f) (gi tC[t]) C £fa+. Note that U(c) has finite-dimensional weight 
spaces. By the PBW Theorem, we have 

(4.18) 

dim U(c)[fca + IS] 

= # |(«o,rii, . . .), (mi,m2, . . .) I ni,mi e N, = k, ^{irii+imi) = z| . 
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The same holds for Ui^(c). By construction, \l/(Ui^(c)) contains the elements [0{l)] 
for / > and the elements In* for n > 1. Hence it also contains all the (finite) 
products 

[o(o)r-[o(i)r----ir-ir/---- 

By Example 4.6., all these products are linearly independent, and of weight A = 
(X^ ni)a + mj + imi)6. Comparing with (4.18), we deduce that 

dim *(U;.(c))[A;a + 15] > dim U^(c)[fcQ! + IS], 

whence the two dimensions are equal and the restriction of ^ to Ui^(c) is injective. 

To finish the proof, we use the following fact. There is an automorphism r of 
V4Cb+) such that t{Ei) = Ei+i,j{Hn) = and t(C) = C,t{K) = K. There 

is a similar automorphism r' of Hpi induced by the self-equivalence of categories 
T .^(1)- It is easy to check from the definition of 'i! that o t = t' o 'i! . Now, 
any element x of U,y(£fa+) may be written as x = yK°-C^, with y belonging to the 
subalgebra Ui/(£n+) generated by Ei for Z e Z and i?„ for n e N. In particular, 
there exists m > such that r™(y) € C/^(c). But then (r')™*(a;) = *(r'"(a;)) = 
\E'(r'"(y))ka„_|_f,5 0- Thus ^ is injective, and Theorem 4.9 is proved. / 

As Coh{F^) is hereditary, its Hall algebra Hpi has a bialgcbra structure. How- 
ever, because the finite subobjects condition (1.11) obviously fails, this is only a 
topological bialgebra structure. Let us see what this coproduct looks like. 

Example 4.11. The abelian subcategory Tor(P^) is stable under taking subobjects 
and quotients. Thus, by Corollary 1.16, HTor{r^) is a subbialgebra of Hpi. More- 
over, the isomorphisms Ilxor(r^) — ^xer^ "t^Tor^, and ■ Uxor^, — A arc compat- 
ible with the map A. This completely determines the coproduct for HToriP^)- 
an example (which is also a corollary of Lemma 1.7), we have 

(4.19) A{lrs)= ^ssKs<S)lts- 

s-\-t=r 

A 

Example 4.12. Let us now compute A([0]). As any subsheaf of O is a line bundle, 

it is clear that A(i,_,)^(o,;) ([O]) = if ^ > 1 and A(i,o),o = [O]. The only difficult 
part is to calculate the component of A([C']) of weight ((0, 1), (1, —I j). First observe 
that any quotient of O which is not equal to O is of the form 

C'i';^) e • • • © o^;i'-'> 

where Xi are distinct closed points of and C'i"'' stands for the (unique) indecom- 
posable torsion sheaf supported at x and of length n. This comes from the fact 

that there arc no surjcctive maps O oi"^'' ® oi"^'' for any x, because there are 
no surjective maps O Ox ® Ox- Next, we claim that a morphism 

i 

is surjective if and only if each of the maps 4>i : O ^ O^'^ is. Indeed, we may 

assume that no Xi is equal to oo, and then restrict everything to P"'^\{oo} = A-^. 
The statement is then easily seen to be a consequence of the Chinese Remain- 
der Theorem. Finally, ii (j) : O ^ ci"'"' is surjective then by Grothendieck's 
Theorem, Ker{(j)) is necessarily isomorphic to 0{—'^fnideg{xi)). Since there are 
\Hom{0,oi'''^)\ - \Hom{0,O^Jl*~^^)\ = ly'^^'degix,) _ j,-2des(x,)) choices for the 
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map 0i, we see that all together, 

(4.20) A([0]) = [0]<S>l + Y, '^'^^i^oi-D O [0{-l)] 

l>0 

with 

(4.21) Ul=Yl 11(1 - i,-2de9(a;O)[0(nO] 

where the sum ranges over the set of tuples of distinct points xi,. . . ,Xr and mul- 
tiplicities m,. . . ,nr such that J2i nideg{xi) = I. 

Just for the pleasure, we give another, more formal, derivation of the coproduct of 

[O], which has the advantage of showing directly that A([C']) G U,y(£b+){g)U^(£b+). 
For this we set, for any class (r, d) in the Grothendieck group, = Yj^-{r d)!-^]' 

It is easy to see that 

(4.22) 1(i,,)=^z/-'[O(s-0]1m- 

l>0 

Inverting (4.22) we obtain [O] = Z^„>o '^~"l(i,-n)Xn) where 
Xn = ^{-'i-Y 51 l(o,;i)---l(o,;r)- 

r>0 \-lr-=n 

Recall that l(s) = 1 + J2i>i ^{o,i)s'', and set x(s) = 1 + J2i>i Xi^'- It is easy to see 
that the elements {xn} are completely determined by the relations '^^_^_J^l l(o, i)Xi = 
Sifi, which can be rewritten in the form l(s)x(s) = 1- Next, by Lemma 1.7, 

(4.23) A(l(i,o))= Yl '^-^'"'^^"-i-a^ff^y- 

a+/3=(l,0) 

As a consequence, A(l(s)) = l(.s) ® l(s) and hence A(x(s)) = x(s) x(s), i.e 
A(Xn) = J2k=o Xk Xn-k- This imphes that 

A(o,o,(i.-o([(^]) 

= Jli'^^^'^^m) + '^'"^"''l(o,i-i)Xi + ■ • ■ + J^"''"'x()ko(-i) «) l(i,_(_fc)Xfe- 

k>0 

Hence, setting Oi = Ylk=o '^'~^^l(o,;-fc)Xfe we obtain 

A([0]) = [o] 1 + Yeikoi-i) ® [o(-/)]. 

The above definition of 6i is not very plesant or useful. We claim that these can 
also be characterized through the relation J2i ^i*' = ea;p((i^ — X]r>i '^{o,r)S^)- 
To see this, note that by Lemma 4.10 it holds 1 + J2i>i 1(5^' = ^^PiJ2r>i "pp'^'^)' 
hence 1 + J2i>i Xis^ = exp{- J2r>i ^^■s"'). But then 

=exp{{u -i^~^)Y T(^o,r)s'') 

r>l 

as desired. Of course, as a corollary, we obtain that 9i = v^ui is given by the formula 
(4.21). 

A 
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Proposition 4.13. Let us equip Uj/(£b+) with Drinfeld's new comultiplication 
(see Appendix A. 6). Then the morphism ^ : Uy(£b+) Hpi is a morphism of 
bialgebras. 

Proof. It suffices to compare the definitions of Drinfeld's new coproduct and the 
computations made in Examples 4.11. and 4.12.. / 

The final piece of structure which we may investigate here is the antipode map S. 
As Coh{P^) does not satisfy the finite subobjects condition, S is not well-defined. 
However, we have 

Lemma 4.14. For any two sheaves J^,Q in Coh(V^), the set of pairs of strict 
filtrations {TZr C • • • C 7?.2 C 7^^ = .7="; Vr Z ' " Z ^2 Q Vi = Q) satisfying 
TZi/TZi+i = Pr+i-i/'Pr+2-i for i = 1, . . . ,r, is finite. 

Proof. Recall that any sheaf H decomposes as 7i = V © T where V is a vector 
bundle and T is a torsion sheaf. The degree of T will be denoted by degriTi.). 
To prove the Lemma, we will argue by induction on rank{!F) (which is equal to 
rank{Q)), and then on degriJ^). 

If is a torsion sheaf then evidently there are only finite many strict filtrations 
of !F and the statement of the Lemma is clear. Now let us fix a pair of sheaves 
(jF, Q) and let us assume that the Lemma is proved for all pairs [T' , Q') for which 
rank{J-') < rank{J-) or rank{J^') = rank{J^) but degriJ'') < degri^)- For any 
pair of admissible filtrations (7^^ £ • • • £ '^2 £ '^i = -^l 'Pr Q ■ ■ ■ Z "Pi "Pi = Q) 
as in the Lemma, there are maps TZr ^ ^ and Q ^ Q /V2 — Tir. Therefore TZj. is the 
image of a certain morphism Q J-'. As Hom{Q, J- ) is finite, there are only finitely 
many choices for TZr, and hence also finitely many choices for T'^- Moreover, there is 
a bijection between the set of admissible pairs for {T, Q) which contain TZr and 'P2 
as extreme terms, and the set of admissible pairs for {T jTZr^T'^)- Note that either 
rank{!F /TZr) < rank{!F) or rank{J^ /TZr) = rank{J^) but degri^/TZr) < degri^)- 
Hence by the induction hypothesis the number of admissible filtrations of the latter 
type is finite. But then, all together, the number of admissible pairs for {J^, Q) is 
also finite. The Lemma is proved. / 

Thanks to the above Lemma, it is possible to define an inverse antipode map 
: Hpi Hpi which takes values in the formal completion of Hpi (see Remark 
1.15.). One can show that (the formal completion of) the image of \1/ is stable 
under S~^. Unfortunately there does not seem to be any nice known formulas for 
S^^. Fortunately, it is often the existence of which is important rather than 
the actual form. 

4.4. Weighted projective lines. 

We will return later (in Section 4.9 and 4.10) to the problem of describing the Hall 

algebras of a smooth projective curve X. For the time being, we focus on a very 
interesting and important variant of the category Coh{P^) -the so-called weighted 
projective lines- which were invented by Lenzing (see [L2], or [L3]). There are 
many ways of introducing and interpreting these categories (see Remark 4.20.); we 
will follow here the original treatment [GL] to which the reader is referred for the 
proofs of all the results of this Section. 

Let be a field which is again either C or finite, and let p = {pi, . . . ,pn) be 
a collection of A'' > 3 positive integers. Let L{p) be the quotient of the free Z- 
module Zxi ® • • • ® Zxn by the submodule generated by the elements piXi — pjXj 
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for all Let c G L{p) be the common value PiXi. Then c generates a free 

Z-submodule of L{p) and we have L{p)/Zc ~ Ili^i ^/P*^- Hence L{p) is an 
abelian group of rank one. Let fc[L(p)] be the group algebra of L(p) and put 
G(p) = Spec k[L{p)] C (k*)'^ . This is an affine algebraic group whose A:-points are 

G(p)(fc) = {{h, ...,tN)€ (r )^ I = • • • = i^}- 

The weighted projective space Pp is by definition the quotient of A^\{0} by the 
natural action of G(p) : (ti, . . . ,tN) ■ {xi, . . . ,Xn) = {tiXi, . . . ,tNXN). Denote by 
S{p) = k[Xi, . . . , Xn] the coordinate ring of A^. A polynomial P{Xi, . . . , Xn) in 
S{p) is projectively G(p)-invariant if and only if it is homogeneous with respect to 
the L(p)-grading on S{p) obtained by assigning to Xi the degree Xi. Thus, morally, 
Pp is the set 5'pec/,(p)S'(p) of nonzero prime homogeneous ideals in S'(p). The 
weighted projective line Xp_x is the curve in Pp defined by the set of homogeneous 
equations 

(4.24) Xf=Xr-A«Xf, (s>3), 

where Ai, . . . , Ajv are distinct points of P^, normalized in such a way that Ai = 
oo, A2 =0 and A3 = 1. In other terms, if /(A) is the ideal of S{p) generated by 

(4.24) and 5(p,A) = 5(p)/7(A) then, morally, Xp,A = S'peCi(p)5(p, A). Observe 
that if Pi = 1 for all i then L{p) = Z and 5(p, A) = k[Xi,X2] so that Xp_x is 
indeed a generalization of . 

Following Serre's Theorem 4.1 we now define the category of coherent sheaves 
on Xp^A to be 

Co/i(Xp,A) = ^(p, X)-Modgr/S{p, X)-Fin, 
where S'(p, X)—Fin is the Serre subcategory of ^(p, X)—Modgr consisiting of finite- 
dimensional graded ^(p, A)-modules. In plain terms, this means that, just as for 
Go/i(P^), to any finitely-generated graded ^(p, A)-module M = 0jgi(p) -M'j is 
associated a sheaf M~ and two such modules M, N correspond to the same sheaf if 
M>n := ®x>nc^^x — N>n ■= ®s>nc^x- Moreover, the spaces of homomorphisms 
are computed as follows : 

(4.25) Homcoh(r^){M~N") = Lim Homs{M>n, N). 

We will refer to objects of Coh(Kp^x) as sheaves on Xp x- It is easy to see that 
adding (or removing) to p some pi with Pi = I does not change L(p), or S'(p, A). 
Hence we may as well assume that Pi > 1 for all i. Also, adding some extra pi with 
Pi = 1 allows us to lift the restriction that N > 3, and we may hence define Xp^x 
for any sequence p. Let us look at a few examples of sheaves on Xp,A- 

For each x G L{p) there is a sheaf 0{x) = S{p,X)[x\~. These are analogues of 
the line bundles 0{n) on P^. If is any sheaf corresponding to a module, say M, 
then we set ^(f ) = T 0[x] = M[x]~. 

The set of nonzero homogeneous primes in S{p, A) may be partitioned into two 
sets : the ordinary primes F{X^^ jX^^), where F{Ti,T2) is a prime homogeneous 
polynomial distinct from Ti, T2, and — A^Ti for s > 3; and the exceptional primes 
Xi,X2, ■ . . ,Xn. 

The ordinary primes correspond to the closed points of P^\{Ai, . . . , Aat} which 
we will call ordinary closed points- while the exceptional points correspond to 
the points Ai,...,AAr. To each of these primes is associated a simple object of 
Coh(Kp^x) : if F(Af\X2^) is an ordinary prime defining a closed point x G 
P^\{Ai, . . . , Xn} then we put 

= S{p, X)/F{Xr , Xp)S{p, A)~ 
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and for i = 1, . . . , iV we put 

Ox,=S{p,X)/XiS{p,\r. 

As the next series of Lemmas will show, the sheaves 0{x), Ox and are the 
building blocks of Coh{Xp^x). 

Lemma 4.15 ([GL]). The following hold : 

i) Let X he a closed point o/P^\{Ai, . . . , Ajv}- Then for any y € L{p) we have 

ii) For i = 1, . . . ,N and y,z G L{p), we have Ox- (y) ~ Ox. {z) if and only if 
Moreover, any simple sheaf on Xp^x is isomorphic to one of the above. 

A sheaf will be called torsion if it is of finite length in Coh(%.p,\). The 
full subcategory Tor(Xp^x) of torsion sheaves is a Serre subcategory (i.e. it is an 
abelian subcategory, stable under subobject, quotient and extensions). For x an 
ordinary closed point we let Tor^ be the Serre subcategory of ror(Xp_A) generated 
by the simple sheaf O^, and for i = 1, . . . , TV, we let Torx^ be the Serre subcategory 
generated by the simple sheaves {Oxi , Ca; (a^i), • ■ • , Oa; {{Pi — ^)xi)}- The structure 
of Tor(Xp^x) is explained by the following result. 

Lemma 4.16 ([GL]). The category Tor(Xp^x) decomposes as a direct product of 
orthogonal blocks 

N 

Tor(Xp,A)= n Torx^Y[Torx,. 

a:ePi\{Ai,...,Ajv} »=1 

Moreover, Tor^ is equivalent to the category Rep^^jQo of nilpotent representations 
of the Jordan quiver over the residue field kx, and Torx^ is equivalent to the category 
i?ep™'Ap^^_j^ of nilpotent representations over k of the cyclic quiver of length pi. 

For i = 1,...,N the above equivalence Torx^ — » Rep'^^^ A^^_^ sends the simple 
sheaf Si-i := Oxi{lxi) to the simple module Si. Hence the above Lemma claims in 
particular that 

dim Ext^{Si-l,Si-n) — (modpi)- 

We may thus intuitively think of ^p,\ as a projective line of which the N points 
{Ai, . . . , Ajv} have been "thickened". In other terms, it is the result of "inserting" 
at each of the special points A, a category of representations of a cyclic quiver of 
length Pi : 
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Next, let us say that a sheaf T corresponding to a module M is locally free, or 
is a vector bundle if M>„ is torsion free for n » 0. The subcategory Vec{Xp^\) 
consisting of vector bundles is an exact subcategory of Coh(Kp^x)- 

Lemma 4.17 ([GL]). Any vector bundle V has a composition series 

C Vr C Vr-l C • • • C Vi = V 
whose factors Vj/Vj+i are of the form 0{x) for some x G L{p). 

The number r of terms in such a filtration is an invariant of V and is called the 
rank of V. Thus the above Lemma claims in particular that any line bundle (i.e. 
vector bundle of rank one) is of the form 0{x) for some x € L{p). 

The above results arc already enough to give us some idea as to what the 
Grothendieck group K{Coh(Kp,x)) might look like. There is an exact sequence 

> O ^ Oic) ^ Ox ^ 



for any closed point x G P"'^\{Ai, . . . , A^v} of degree one. Hence Ox = 0(c) — O. 
Hence, just like for P^, the classes of the sheaves Ox for ordinary points of degree 
one are all equal in K{Coh{^p^x)). Let us fix one such closed point xq. 
On the other hand, from the exact sequence 

> 0{lxi) > 0{{l + l)xi) > Si-i+x ^ 



we get 5i;i+i = 0{{l + l)xi) — 0{lxi), and in particular 

_ p.-i 

(4.27) 0{c)-0=Y, S,,i 

1=0 

for i = l,...,iV. 

Combining the above two remarks, we easily see that the class of any line bundle 
belongs to ZO + ZC^o + i Si-i - By Lemma 4.17 any vector bundle is an extension 
of line bundles and hence the same is true for any vector bundle. Finally, by 
Lemma 4.16 the same is again true for any torsion sheaf, and thus in the end for 
any sheaf. It turns out, though it is not so easy to prove, that (4.27) is the the only 
relation between the classes 0,0x, and Si-i : 

Lemma 4.18 ([GL]). We have 

K{Coh{Xp,x)) = ^0®ZOZ(B^ZS~}j /J, 

where J is the Z-module generated by the elements Oxq — Si-^i. 

As a corollary of the above Lemma, 

_ Pi-i 

(4.28) K{Coh{Xp^x)) =m® ZOZ ©00 

i i=l 

We have already defined the rank of a coherent sheaf on Xp^^, we may now define 
the degree. Let d : £(p) ^ Z be the group morphism for which d{xi) — p/pi, where 
p = l.c.m(j>i, . . . ,pn)- There is a unique group morphism deg : K{Coh{lLp^x)) ^ 
for which deg{0) = 0, deg{0{x)) = d{x) and deg{Si-i) = p/pi- The degree of a 
sheaf is simply the integer deg{T). 



LECTURES ON HALL ALGEBRAS 



67 



An important tool in the study of the categories Coh(Kp^x) is the existence, as 
for any smooth projective curve, of a Serre functor. Set u = {N — 2)c — Xi. The 
sheaf 0{lS) plays the role of the line bundle of differential forms, and indeed when 
Pi = I for all i then ^p,\ = and uj = deg{u!pi) = —2. 

Lemma 4.19 ([GL]). For any two coherent sheaves T,Q on ^p,\ we have 
(4.29) Ext\j^,gy c^Hom{g,J^{u)). 

With this in hands, it becomes an easy matter to compute the dimensions of 
spaces of homomorphisms and extensions : 



Hom{0{x), Om = 5(p, A)^-_s, Ext\0{x), 0{y)) = 5(p, A)<3+s-y, 

Hom{0,0^) Ext\0^,0) = k^, Hom{0^,0) Ext\0,0^) = {0}, 

dim Hom{0,Si-i) = Si^ (rnodpi), dim Ext^{Si-uO) = (Wp*)' 

Hom{Si.i,0) = Ext^{0,Si.i) = {0}, dim Ext^{Si.i, Si.„) = 5,_„+i ^rnodpi)- 

As an immediate corollary, we get 

{0, 0)a = 1, {0, 0,)a = deg{x), {O^, 0)„ = -deg{x), 

(Oc.,Ox)a = 0, {0^,Si,l)a = Q, {Si;uO^)a = Q, 

1 if Z = (mod Pi) 
ifZ^O(modft) 



{0,Sr,l)a 



(4.30) n\ ifZ = l(modp.) 
^""|0 if/ (mod Pi) 

1 iii = i'J = l' 
{Si-i,Si'^i')a = "( -1 a i ^ i', I = I' + 1 (mod Pi) . 
otherwise 

By analogy with the case of smooth projective curves, we may expect that the 
behavior of Coh{Xp^x) depends strongly on the degree d{cij) = [N — 2)p — ^ . ^ of 
its "canonical bundle" 0{u). Accordingly, we will say that a weighted projective 
line is : 

• parabolic if (i(cj) < 0; this happens when p is of one of the forms below : 

(4.31) (pi,p2), (Pi,2,2), (2,3,3), (2,3,4), (2,3,5). 

• elliptic if d{u) = 0. Then p is one of the four sequences 

(4.32) (2,2,2,2), (3,3,3), (2,4,4), (2,3,6). 

• hyperbolic if d{ijo) > 0; this is the case for all other values of p. 

For reasons which will become clear in the next Lecture, a weighted projective 
line for which d{uj) = is also often called tubular. 

We finish with an important observation. Let 5o(p, A) be the image of the 

embedding k[Ti,T2] ^ S{p,\) defined by Ti ^ Xf\T2 ^ . Thus S'o(p, A) is 
a Zc ~ Z-graded subring of S{p, A), which is easily seen to be of finite codimension. 
The functor 

Ind : S°{p, \)-Modgr S{p, X)-Modgr 

M^M^so{p,x) S{p,X) 
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sends finite-dimensional modules to finite-dimensional modules and gives rise to a 
functor 

Ind : S'^{p,\)-Modgr/S'^{p,X)-Fin S{p,\)-Modgr/S{p,X)-Fin 

which turns out to be a fully faithful embedding. Since 

S°{p,X)-Modgr/S°{p,\)-Fin ~ k[Ti,T2]-Modgr/k[Ti,T2]-Fin 

~ Coh{F^) 

we have obtained in this way a canonical fully faithful functor Coh{P^) Coh{Xp^x) 
Under this functor, the line bundle 0{n) is mapped to the line bundle 0{nc), and 
the simple torsion sheaf O,. associated to an ordinary closed point is mapped to the 
simple torsion sheaf in Coh(Kp^x) associated to the same ordinary point x. As for 
the simple sheaf 0\^, it is mapped to the indecomposable sheaf {S{p, X)/Xf')~ 

Remark 4.20. As mentionned at the beginning of this Section, there are other 
ways of defining the weighted projective lines : 

i) Parabolic coherent sheaves on IP^. Let X be any curve, let A be a point of X of 
degree one, and let p be a positive integer. A (p, A)-parabolic coherent sheaf on X is 
a sequence of coherent sheaves {J^i)iez on X equipped with maps (j) : ^ ^i+i and 
isomorphisms : J^i+i cri Ti® 0{X) such that the composition o (f>i+p-i o ■ ■ ■ oip^ : 
Ti Ti ®0(X) coincides with the canonical embedding. Starting from P^, we may 
iterate this procedure for each of the points Ai, . . . , A„ and the integers pi,. . . ,pn. 
The resulting category of parabolic coherent sheaves in equivalent to Coh(Kp^\) 
(see [L2]). 

ii) Equivariant coherent sheaves. Let X be a smooth projective curve and let 
G C Aut{X) be a (finite) group of automorphisms such that X/G ~ P"'^. When 
char{k) and the order of G are relatively prime, the category CohciX) of G- 
equivariant coherent sheaves on X is equivalent to the category Coh{Xp^x) where 
A — {Ai, . . . , Aat} are the ramification points of the quotient map X ^ f'^ and p = 
{pi, . . . ,Pn} arc the corresponding ramification indices. Then Xp.A is parabolic, 
elliptic or hyperbolic according to whether X is of genus zero, one, or higher. In 
fact, even though Coh{lip,x) has some important features of Coh{¥^) (like a Picard 
group L{p) of rank one), it behaves much more like Coh{X) than like Coh{F^). 

4.5. Crawley-Boevey's Theorem. 

Let ^p,x be a weighted projective line. To the weight sequence p = {pi,. . ■ ,Pn) 

we can attach a star-shaped Dynkin diagram Tp^ p„, which corresponds to some 

Kac-Moody Lie algebra g. For instance, if p = (i.e. if Xp^;^ = P^) then q = SI2 
while if p = {pi,P2) then g = sip^+p^. 

O 




O. 
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Let Cq be the loop algebra of g, as defined in Appendix A. 5. Recall that the 
root lattice oi Cq\sQ = Q®5, where Q is the root lattice of g. Let us call a* the 

simple root of Q associated to the central vertex of Tpj,...,p^, and oi[i^i) the simple 
root corresponding to the Ith. vertex of the ith branch. 

Proposition 4.21. There is an isomorphism ofZ-modules (j) : /r(Co/i(Xp_x)) — * Q 
satisfying 

(j){0) = a*, (t>{Ox) = deg{x)5, (piSi-i) = ^(i,;)- 
This isomorphism sends the symmetrized Euler form ( , )a on K{Coh(Kp^x)) to 

the Cartan form, ( , ) on Q. 

Proof. This follows directly from (4.28) and the formulas (4.30). / 

By analogy with the case of categories of representations of quivers, we naturally 
expect after the above Proposition some deeper link between, on the one hand, the 
classes of indecomposable sheaves on Xp^;^, and the root system A of £g on the 
other hand. Recall that an element A = c*a* + cgS + ; C(^i,i)Ce(i^i) belongs to 
if c^, > 0, or c^, = and cs > 0, or c^, = cg = and C(^ij) > for all Let 
A+ = AnQ"*" be the set of positive roots of £0. Observe that the class of any sheaf 
on Xp^x is automatically positive. 

The classes of indecomposable torsion sheaves are easily found. Let Qi 2± sip- 
he the simple Lie subalgcbra of g corresponding to the ith branch (without the 
central vertex). By Lemma 4.16 , the class of an indecomposable torsion sheaf 
supported at an ordinary point belongs to NS, whereas (by Theorem 3.10 applied 
to the cyclic quiver of length pi), the class of an indecomposable torsion sheaf 
supported at belongs to the positive root system A^ C A"*" corresponding to 
the subalgebra sip. = CQi C Cg. Hence, from the definition of A+ we see that the 
set {T I T indecomposable torsion sheaf} exactly coincides with the set of roots 
a ~ c*a* + csS + J2i i ■= for which 0. 

Thus the difficulty lies in determining the classes of indecomposable vector bun- 
dles on Xp^x- We distinguish the three types of weighted projective lines : parabolic, 
elliptic, or hyperbolic. 

Let us assume first that Xp^^ is of parabolic type. Then, from (4.31) we see 

that g is a simple Lie algebra (and moreover, any simple Lie algebra arises in this 
fashion). Thus £g = g is an affine Kac- Moody algebra. 

Theorem 4.22 (Lcnzing, [L2]). Let Xp ^ be a parabolic weighted projective line. 
Then for any a € Q, there exists an indecomposable coherent sheaf of class a if and 
only if a € A+ . In addition, this sheaf is unique if and only if a is real. 

This is the simplest case. Since A"*" = (A © Z6)\{Q} where A is the root system 
of g, and because A has no imaginary root, there is a bijection between the set of 
indecomposable vector bimdlcs and the set of roots a = ao + IS for I £ Z, where 
ao = c*a* + ; C(^i,i)a{i,i) satisfies Ci, > 0. In particular, there are, up to twisting 
by 0{c), only finitely many indecomposable vector bundles. 

Example 4.23. Let p = {pi,P2)- Here g = slp^+p^ and the roots ao = c*C(* + 
Si,; C{i,i)a^i,i) e A for which c* > are 

l<ll l<l2 
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These correspond to the hne bundles 0{liXi + 12X2)- In particular, any indecom- 
posable vector bundle is a line bundle in this case. A 

Example 4.24. Let p = (2,2,2), so that g = sos- The roots ao = c*a* + 
C{i,i)a(^i,i) G A for which c* > are 

{a*} U {a* + Q!(i_i), a* + a(2,i), a* + Q!(3_i)} 

U{a* + Q!(i,i) +Q!(2,i),a* + a(2,i) + 01(3,1), a* + Q!(i,i) +q;(3,i)} 

U {a* + Q!(i,i) + Q!(2,l) + Q:(3,1)} U {2q!* + Q!(i,i) + Q!(2,l) + Q!(3,l)} 

All except for the last root are again line bundles. The indecomposable vector 
bundle associated to 2a* + cx{i,i) + 0^(2,1) + <*(3,i) is the unique nonsplit extension 
of 0{xi + X2) by 0{x3). Note that 

Ext\0{xi + X2), 0{x3)y ^ Hom{0{x3),0{xi + X2 + Co)) 

= Hom{0{x3),0{c-X3)) 
= Hom{0{x3),0{x3)) = k 

so there is a unique such nonsplit extension. One gets the same rank 2 bundle by 
considering the extension of 0{x2 + X3) by 0{xi) or of 0{xi + X3) by 0{x2)- A 

Let us now turn to the elliptic case. Thus p is of one of the four types (4.32), 
and g is an afRne Lie algebra of type D^^^ , Eg^^ , iJ^^-* or _Eg^' . Note that this is a 
complete list of star-shaped affine Dynkin diagram. As explained in Appendix A. 5., 
the loop algebra Cg is an elliptic Lie algebra Sg^ = flo[i^^, s^^] ® K for go of type 
Di,EQ,E'j or Eg. respectively. 

Theorem 4.25 (Lenzing, Meltzer [LMl]). For any a & Q there exists an inde- 
composable sheaf on Xp_x of class a if and only if a & A+ . Moreover, this sheaf is 
unique if a is a real root, and there is a one-parameter family of such sheaves if a 
is imaginary. 

Since g is an affine Lie algebra, there are imaginary roots a = c*a*-t-^j , ('{i.i)<^(i,i) 
for which c* > 0. Hence there are now some indecomposable vector bundles which 
arise in families, and there are infinitely many classes of indecomposable vector bun- 
dles, even modulo twisting by line bundles. In particular, there are indecomposable 
vector bundles of arbitrarily high rank. 

Example 4.26. Assume that p = (3, 3, 3), so that = "ee- We have cD = c — xi — 
X2 — X3 and thus 3a; = 0. Since S'(p, A)j = {0}, the line bundles 0,0{lo) and 
0{2ui) satisfy 

dim Hom{0{iuj), O{joj)) = 6ij (mod 3) 

dim Ext'^{0{iuj),0{juj}) = d,+ij (mod 3) 

and generate an abelian subcategory closed under extensions which is equivalent to 
the category of (nilpotcnt) representations of the cyclic quiver of length 3. Hence 
in particular, we may construct in this way three indecomposable vector bundles of 
class n{5' — 36), where 6' = 3a^, + 2 ^ + 12 is the indivisible imaginary 
root of "ee, and n is an arbitrary positive integer. Twisting by 0{c), we get more 
generally three indecomposable vector bundles of class n{6' + 3md) for any m G Z. 

These are, however, far from being all indecomposables in these classes. For 
instance, let x be an arbitrary ordinary closed point of degree one of Xp^x- Then 
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Ext^{Ox, O{joj)) = k for all j. One can show that the universal extension Vx 

^ O © 0{uj) © 0(2(13) ^ Vx > Ox ^ 

is an indecomposable vector bundle of class S' — 26. But then Vx{xi + X2) is an 
indecomposable of class 6' . Varying the point x, we obtain a whole one-parameter 
family of such indecomposables. A 

The structure of Coh{lip^x) in the elliptic case is in fact very well understood 
thanks to the work of Lenzing and Meltzer [LMl] (see also Section 4.8.). 

The hyperbolic case covers all the weight sequences p not mentioned above. It 
turns out, though it is much harder to prove, that the analogue of Kac's theorem 
also holds here. 

Theorem 4.27 (Crawley-Boevey, [CB2]). For any a £ Q there exists an indecom- 
posable coherent sheaf on Xp ^ of class a if and only if a & A+. Moreover, this 
sheaf is unique if and only if a is a real root. 



4.6. The Hall algebra of Coh{Xp,x). 

Let Xp_A be an arbitrary weighted projective line. As above, we associate to 
Xp,A a star-shaped Dynkin diagram Tp^^...^p„, a Kac-Moody Lie algebra g, and 
finally a loop algebra Cg. We have also defined a positive Borel subalgebra Cb+ 
corresponding to the set of positive roots A"*". Let U^,(£g) and U^,(£b+) be the 
quantized enveloping algebras of Cg and £b+ (see Appendix A. 6.). The main result 
of this section relates U„(£b+) to the Hall algebra := tlcoh{Xp x)- Before we 

state this more precisely, we need to introduce a little more notation. 

Let k = ¥q and set v = . We denote by Uv{jCb+) the specialization at v = v 

of Ut,(£b+). Recall that Ui^(£g) contains the subalgebras U,y(s[p.) corresponding 
to each branch of Tpj^..._p„, and that Uj/(£b-|-) contains the subalgebras Uy(b^) 
for i = 1, . . . , A'' where b^ is the (standard) positive Borel subalgebra of the slp^. 
We denote by , -ff (j^;) \ I = 1, . . . ,pi — 1} the standard Chevalley generators 

of Uy(b^). On the other hand, U,y(£b+) also contains by definition elements 
for n e Z and -ff*,r- for r > 1, associated to the central node ★ of Tpi,...,p,^. These 
generate a subalgebra isomorphic to the positive part U^(£b+) of the quantum 
loop algebra Ui^(£s[2). 

As for the Hall algebra Hxp^j recall from Section 4.4 that the simple torsion 
sheaves {Si-i \ I = 1, . . . ,Pi} generate, for any fixed i, a Serre subcategory Tor\. 
equivalent to the category i2ep™'j4p^Li of nilpotent representations of the cyclic 
quiver. Hence, by Corollary 1.16, there is an embedding Utotx. ^ ^ 
hence, by Ringel's Theorem 3.16, an embedding Uy(bj ) ^ Hxp ^- In a similar 
manner, the fully faithful functor Co/i(P^) Coh{Xp^x) discussed at the end of 
Section 4.4. produces an inclusion HcohiP'-) ^ Hxp ^ and therefore, by Kapranov's 
Theorem 4.9, an inclusion Uy(£b+) ^ Hxp ^- By construction, this map sends 
the generator H^^^j. to the element Tj. e ^ defined as follows; for any ordinary 
closed point x of ^p,\, set 

T„ = |^^'^^'^^*^^'^3fe) iideg{x)\r, 
1 otherwise 
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and for i = 1, . . . ,N, put 

where 9„ : H^j^ — > fLxorxi defined at the end of Section 3.5; now set = 

To get a grasp of the structure of H^p it remains to understand how the 
various subalgebras identified above interact in . This is given by the following 

Theorem, which the reader will find by now hardly surprising. As in Section 4.3, 
we slightly extend Hxp,^ by setting H^^ ^ = Hxp,^ '^C[kf^] Clk^''/^]. 

Theorem 4.28 (S. ,[S3]). The assignement E^,.,-, ^ [0{nc)\ for n e Z. iJ*,^ ^ 
T.k-I'"!/' for r > 1, E(^,j) ^ [Su] for i = 1, . . . , N; 1 < I < Pi - 1, K^^^i^ >-> kg,.^,, 
Ki, H^- ko, and C^/^ ^ extends to an algebra morphism 

*:U.(/:b+)^Hi^,. 
This map is an embedding if ^p,x is either parabolic or elliptic. 

Conjecture 4.29. The map ^ is an embedding for any weighted projective lineXp^x. 

The proof of the existence of the algebra morphism * is essentially one big, long 
computation, which we won't give here (see [S3], Section 6.). However, the fact 
that ^ is injoctivc for parabolic or elliptic weighted projective lines will follow from 
the explicit description of the image of \E' given in the Sections 4.8. and 4.9. For 
reasons not entirely obvious^, we decide to call /m(\l/) the spherical Hall algebra of 
Xp,A. This subalgebra will be denoted Cxp ^- We define Cxp^;^ in a similar way. 

Let us now turn to the coproduct. Because the finite subobjects condition clearly 
fails for Coh{Xp^x), Hxp is a topological bialgebra only. As the categories Tor\^ 
are Serre subcategories, the embedding Uxor,,. Hxp ^ are compatible with the 
coproduct. In particular, the map U^(b^) Hxp ^ is a bialgebra map, where 

XJi,{bf) is equipped with the standard coalgebra structure (given by (6.9).) 

On the other hand, the subcategory C of Coh{Xp^\) image of the functor 
Coh{F^) Coh{Xp^x) is not stable under taking subobjects or quotient (for in- 
stance, there is a map O Si-o but Si-o is not an object of C). For a hue bundle, 
the coproduct is determined by the following Lemma : 

Lemma 4.30 (Burban-S. [BS2]). We have 

A{[0]) = [O] ® 1 + ^ 0sko(-s) ® {0{-x)], 

x>0 

where if x = lc + J2i hxi with < h < Pi then 

r ^ 



'even to the author 
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where C)^^™)*''') is the unique indecomposable torsion sheaf supported at Aj of length 
miPi + and socle Si-o; and where the first sum ranges over all tuples of distinct 
ordinary points xj and multplicities nj,mi for which njdeg{xj) + J2i mi = I. 



Proof. It is in all points identical to the computation conducted in Example 4.12./ 

Since the spherical Hall algebra ^ is generated by torsion sheaves and the 
classes of line bundles, the above is enough to completely determine the restriction of 
A and A on Cxp_;,. We have A(Cxp ;^) C Cx^ ^^^Cx^ ,^. Concerning the antipode, 
we are in the same situation as for : we cannot define directly the map S, but 
we may define S~^. 



The correspondence between the category Coh{Xp^\) and the quantum loop 
algebras may be summarized in the following table : 
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Category C = Coh{Xp^x) 


Loop algebra Cq of star-shaped 
Kac-Moody Lie algebra g 


Indices pi, . . . ,pn of exceptional points 


Length of the branches of the 
Dynkin diagram Tpi^...^p^ of g 


Grothendieck group K{C) 


Root lattice Q = , ® Za* © Z5 


Symmetrized additive Euler form ( , ) 


Cartan-Killing form ( , ) 


(Classes of) simple torsion sheaves {Si-i} 


Simple roots {^(i,;)} 


(Class olj simple torsion sheaves Ox 


Imaginary root 6 


(Class ol) structure sheat C 


Simple root 


(Classes of) ind(x;oniposablc! objcicts 


Positiv(^ root systc'm 


Hall algebra 


Quantum group U„(>Cn+) 


Group algebra of K{C) 


Cartan U^(f)) 


Extended Hall algebra 


Quantum group U^(£b+) 


Parabolic, elliptic or hyperbolic type 


Affine Lie algebra, elliptic Lie algebra, 
the rest (!) 
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4.7. Semistability and the Harder-Narasimhan filtration. 

The purpose of this section is to introduce an important technical notion for 
studying the categories of coherent sheaves on smooth projective curves. Throuh- 
gout this section, X will denote either a smooth projective curve or an (arbitrary) 
weighted projective line. A good reference here is [S6] . 

Recall that there arc two group morphisms deg : K{C'oh(X)) — !■ Z and rank : 
K{Coh{X)) Z, and that if rank{T) = then deg{J^) > 0. Define the slope of a 
coherent sheaf to be the quotient 

A sheaf T is called semistahle of slope i] if = 77 and if < t] for all sub- 

sheaves Q (Z It is called stable if in addition /x(^) < 77 for all proper subsheaves 

For example, a line bundle C is stable of slope fi{C) = deg{C). Similarly, a 
torsion sheaf is semistable of slope 00, and is stable if and only if it is simple. The 
following simple property of the slope is very useful : if 

— — — >0 

is exact then min{fi{T) , fi{H)) < n{Q) < max{fi{T), iJ.{H)). In particular, if Q is 
semistable then n{H) > n{Q)- 

The following important Lemma justifies the notions defined above : 



Lemma 4.31 (Harder-Narasimhan). For any coherent sheaf there exists a unique 
filtration 

for which TijTi-\ is semistable and > ij.{J-'2/J^i) > ■ ■ ■ > 

Proof. Since any torsion sheaf is semistable of slope 00, a semistable sheaf of slope 
77 < cxD is automatically a vector bundle. Hence if = V ® T is a decomposition of 

as a direct sume of a vector bundle and a torsion sheaf then we put J-\ =T and 
we are reduced to proving the Lemma for V. Thus we might as well assume from 
the beggining that is a vector bundle. 

Arguing by induction on the rank, we see that it is enough to prove the following 
assertion : 

a) Any vector bundle T has a unique subsheaf of maximal slope and of maximal 
rank among subsheaves of that slope. 

Of course, such a subsheaf is by construction automatically semistable. To prove 
a), first recall that any vector bundle has a filtration by line bundles. Let d be 
the maximal degree of all the line bundles appearing in one such filtration. As 
Hom{C, C) = {0} if deg{£') > deg{£), we deduce from the long exact sequence 
in homology that Hom{jC, J^) = {0} for all line bundles C of degree more than d. 
A similar argument for A^f in place of !F shows that there exists dn such that 
ifom(£, A"J^) = {0} as soon as deg{£) > dn- From this it easily follows that the 
degree (and hence the slope) of subsheaves of is bounded from above. Therefore 
there exists a least one maximal semistable subsheaf J^i satisfying the requirements 
of a). 

To prove that J^i is unique, assume that there exists on the contrary another 
such subsheaf J^[, and let tt : — > J^/J^i be the projection. Thus 7r{J^[) ^ {0} 
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and = Since !F[ is semistable, /x(7r(^{)) > But then, from the 

exact sequence 

> ^ + T[ ^ 7r(JP() ^ 

we get \i{T\^T'^ > In addition, if = n{J-i) then ran/c(J^i+jr() > 

rank{Ti), contradicting the definition of T\. Thus is indeed unique, and the 
Lemma is proved. / 

The above filtration is called the Harder- Narasimhan filtration of the sheaf T . 
It is a refinement of the canonical filtration C T C .F. Now fix77GQU{oo} and 
let stand for the full subcategory of Coh{X) whose objects are the semistable 
sheaves of slope r]. For example, we have Coo = Tor{X). 

Lemma 4.32. If rj > r]' then Hom{C,^,Cjj') = {0}. 

Proof. Let f : J- Q he a morphism from a semistable sheaf of slope 77 to another 
semistable sheaf of slope r]'. If / 7^ then ^{Im{f)) > = t] > t]' = ij,{G), a 
contradiction. / 



Lemma 4.33. For any G Q U {00}, the category is abelian and closed under 
extension. Moreover Cr, is a length category and the simple objects are the stable 
sheaves. 

Proof. Let us first show that is abelian. Let .F, Q be two objects of and let 
/ : ^ 5 be a morphism. As Q is semistable, we have jj{Im{f)) < rj, but as J- 
is semistable, we also have ^{Im{f)) > r}. Therefore iJ,{Im{f)) = 77, and it easily 
follows that Im{f) is also semistable. The same applies to Ker{f). 
Next, let 

^.F — ^0 

be an exact sequence where J^, Q belong to C,,. It is clear that =r\. If J7 is a 
subsheaf of W, then J is an extension 

> Tr\J > J > J' ^ 

where J' is the image of J under the projection 7i Jij T ~ Q. By the semista- 
bility of T and Q we have /z( ^7 n .F) < 77 and ijl{J') < rj. Hence ijl{J) < rj and Ti is 
semistable. 

The last assertion of the Lemma is clear since the degree of any sheaf in is 
determined by its rank. / 

Lemma 4.32 coupled with Serre duality gives 

Ext^{C^',C^) = {0} if ?7 > V + deg{ujx)- 
This has the following important corollary 

Corollary 4.34. Assume that X is either a smooth projectiv curve of genus at 
most one, or that X is a weighted projective line of parabolic or elliptic type. Then 

i) We have Ext^{C^,,C^) = {0} if r] > rj' , 

ii) The Harder- Narasimhan filtration splits, 

iii) Any indecomposable sheaf is semistable. 



Proof. Clearly, i) ii) ^ iii). To prove i) simply observe that under the hypoth- 
esis of the Corollary, deg{ux) < 0. / 
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When X is of genus at most one, or when X is a weighted projective hne of para- 
bolic or elliptic type, we may thus draw our familiar picture of the indecomposables 
as follows 




Coo = Tor{X) 

Note that since deg{ujx) < when X ~ P'^ or when X is of parabolic type, we 
even have Ext^{Cn,Crj) = {0} in these cases for 77 < oo (i.e. each category is 
semisimple). 



We conclude this section with an easy but useful corollary of the existence (and 
uniqueness) of the Hardcr-Narasimhan filtration. For any collection of elements 
ai, ■ ■■ ,ai € K{Coh{X)) such that fj,{ai) < ■ ■ ■ < ^i{ai) we let HN^^(ai, . . . ,«/) 
be the set of all sheaves J- with Harder-Narasimhan filtration J-i C ■ ■ ■ C J-i = J- 
satisfying TijTi-i = ai for all i. Recall that !« = J2'^=a[-^] class a G 

K{Coh{X)). Similarly , we put 

lHiV-i(ai,...,ai) = X! [•^]" 

y^eHN-^ai,...,ai) 

For instance, l^'' := l//Ar-i(a) is the characteristic function of all semistable sheaves 
of class a. 



Corollary 4.35. For any ai, . . . , a; with n{ai) < ■ ■ ■ < ^{ai) we have 

Proof. By construction, we have Ei<i<"i>"i)is-5 • • • l^'j = J2r ^ai ai I-^li where 
Q; is the number of filtrations J-\ d ■ ■ ■ <^ Ti = J- for which Tij J-i-\ is a 
semistable sheaf of class oti for all i. But this precisely means that T\ d ■ ■ ■ d Ti 
is the Harder-Narasimhan filtration of T. / 

It is clear that Iq, = '^HN-^(ai....,ai) where the sum ranges over all 

collections (ai, . . . , ai) with ii{ai) < ■ ■ ■ < fi{ai) and ^ a; = a. Therefore 

(4.33) !«= E ^^"^•<^^"""^^1«, 

ai,...,ai 

(with the same range of summation as above). In other words, Corollary 4.35 ex- 
presses the constant functions !„ in terms of the characteristic bmctions of semista- 
bles. Conversely, one may formally invert (4.33) to obtain the following expression 
of 1* in terms of the elements I/3 

(4.34) 1-= Yl i-ir-'i^-^^<^^^'''''^i0.---i0. 

01, -,133 

where the sum now ranges over all tuples (/3i, . . . , Ps) satisfying /i(X]f=fe A) > m(q^) 
for all k = This formula is known as Reineke's inversion formula and a 

proof of it may be found in [R3]. 
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Remarks 4.36. The notions of semistability, Harder-Narasimhan filtration, etc. 
may be fruitfully applied to the categories of representations of quivers. However 
there is no a priori canonical choice for the slope function and it may be useful to 
consider different such functions. See [R3] for some important applications of this 
circle of ideas (using a version of Corollary 4.35 and equation (4.34) for quivers) to 
the computation of the cohomology of moduli spaces of representations of quivers. 

4.8. The spherical Hall algebra of a parabolic weighted projective line. 

In this section we assume that ^p,x is a weighted projective line of parabolic 
type, which is equivalent to assuming that g is a simple Lie algebra and jCg = g 
is an affinc Kac-Moody algebra. Our aim is to describe as precisely as possible 
the spherical Hall algebra Cxp_;^ of Hxp ^^. Set Cy = Cxp_;, n flvecCKp x) 

Ct = Cxp,x n Hror(Xp,x)- 

Since any extension of a vector bundle by a torsion sheaf is no longer a torsion 
sheaf, Ct is the subalgebra generated by the elements Tr for r > 1 and the com- 
position subalgebras Cj of the subalgebras Htotx. ^ ^Tor{Xp for i = 1, . . . ,N. 
Hence, in a way similar to what happens for the composition algebra of a tame 

quiver (sec Section 3.7.), wo have 

Proposition 4.37 (Hubery). Let K' be the (free, commutative) algebra generated 
byTr forr>l. Then 

i) The multiplication map is an isomorphism of vector spaces K' (g) . Cj ^ 
Ct- 

ii) The center Z of Ct is isomorphic to K' and the multiplication map gives 
an isomorphism Z 0- Cj ^ Ct- 

As for Cv, things turn to be as nice as one could hope : 
Proposition 4.38 (S., [S3]). We have Cy = Hyec(Xp x)- 

Proof. The proof ressembles that of the surjectivity of Ringel's map 4* : Ui^(n+) 

for finite type quivers (see Section 3.4.). First of all, it is easy to see that for 
< li < Pi, we have 

Ext^{Si.,i,+uO{nc+J2hxi)) = k 

i 

and the unique nonsplit extension is given by the sequence 

> 0{nc + hxi) ^ 0{nc + hxi H \- {li + ^)xi -\ h Inxn) > 

> Si;li + 1 >- . 

We thus obtain 
iy[Si.u+i] ■ [Oinc + J2liXi)]-u^[0{nc + J2kxi)] ■ [Si,u+i] 

i i 

= [0{nc + hxi + --- + {li + l)xi + --- + Inxn)]- 

Since [(^(nc)] G Cy by definition, we inductively deduce from this that [0(2?)] G Cy 
for any line bundle 0{x). 

Next, we will show that [V] S Cy for any indecomposable vector bundle V. 
Everything rests upon the following crucial Lemma : 
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Lemma 4.39. There exists a total ordering ^ on the set of all indecomposable 
vector bundles on Xp,x such that ifV-<V' then 

Ext\V,V') = Hom{V',V) = {0}. 

Proof. By Corrolary 4.34 and the remark following it, it suffices to to choose any 
total ordering refining the partial ordering according to slope. / 

So let V be an indecomposable vector bundle, and let us assume that [V"] belongs 
to Cv for any indecomposable V" of smaller rank. Since V admits a composition 
series whose factors are line bundles, say Ci,. . . ,Cr, we have 

(4.35) [Ci] ■ ■ ■ [Cr] = cv[V] + J2 Cil^i] 

i 

where cy ^ and Ui are vector bundles different from V of the same class. Since 
by Theorem 4.22 V is the unique indecomposable vector bundle of that class, each 
Ui may be nontrivially split as a direct sum 

u, = w®"-^ © • • • ® w®;-* 

where VVi,s for s = 1, . . . , i are indecomposables, which we may choose to be ordered 
so that Wij -< VVjj+i. Using Lemma 4.39, we get 

where d = Z)g<s rit^qnt^sdim Hom{Wi^q, Wi,^). Furthermore, since Ext^{Wt^s,yVi,s) = 
{0} and End{Wi^s) = k for all s, we have 

Now, by assumption, [VVi,s] G Cy since ranfc(Wi,s) < rank{V). Therefore [W®"''"] G 
Cv and then [Ui] £ Cy. But then from (4.35) we see that [V] G Cy as well. This 
concludes the induction step and proves that [V] G Cy for any indecomposable 
vector bundle. 

It should now be clear how to finish the proof. Any vector bundle V may be 
decomposed as a direct sum of indecomposables, and we may order these according 
to ^. Then [V] is equal, up to some scalar factor, to the corresponding product in 
the Hall algebra. / 

To conclude the description of it only remains to add : 

Proposition 4.40 (S.). The multiplication map induces an isomorphism of vector 
spaces Cy (g) Ct ^ ^^p,\ ■ 

Proof. The proof, which is based on the fact that A(Cxp_x) C Cxp_x<H)Cxp ^, is in 

all points identical to the proof of Proposition 3.37 (we replace the induction on 
the dimension vectors by an induction on the rank and then on the degree). 

Remarks. 4.41. i) The proof that [C] belongs to the spherical Hall algebra Cxp 
is valid for any weighted projective line. 

ii) The description of the structure of riHTor(Xp x) (given by Proposition 4.37) 
is also true for any weighted projective line. 

4.9. The spherical Hall algebra of a tubular weighted projective line. 

Let us now move on to the case of an elliptic weighted projective line. In that 
situation, = go is an afBne Lie algebra of type D^^ , Eq'^ , Ej'^ or E^^^ , and Cq is 
an elliptic Lie algebra Ego of corresponding type. 
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The structure of Coh{Xp^x) is well- understood thanks to the following Theorem : 



Theorem 4.42 (Lenzing-Melzter, [LMl]). 
equivalence of categories en',n '■ Cn — * C,,/. 
C^~Tor(Xp,A). 



For any ri,ri' G Q U {00} there is an 
In particular, for any rj £ Q we have 



As a consequence, for each rj €Q the category has a block decomposition 

N 

xePi\{Ai,...,A]v} i=l 

where Cn^x — R^Pkl^Qo and Cn^x^ — i?ep™'Ap^^_^ are respectively equivalent to the 
categories of nilpotcnt representations of the Jordan quiver ot the cyclic quiver of 
length Pi. As a corollary of the splitting of the Harder-Narasimhan filtration (see 
Corrolary 4.34) there is an isomorphism of vector spaces 

(g) He, ^ Hx,, 

7;eQU{oo} 

which is simply given by the multiplication map. Of course, the equivalence e,,',^ 
induces an isomorphism of algebras (t)r,',ri '■ Hc^ Hc^, . 

Let Cxp x C denote the spherical Hall algebra. Since is an abelian 

subcategory of Coh(Kp,x) stable under extensions, Corollary 1.16 provides us with 
an embedding of algebras He, C Hxp;^. Set = Cxp^x l~l He,. Of course 
Coo = C n HTor(Xp x) subalgebra of tlroriXp x) generated by the elements 

{T,. I r > 1} and the composition subalgcbras of the exceptional tubes Uxorx- ■ 
Its structure is hence described by Proposition 4.37. As far as the algebras C,, for 
other values of rj are concerned, the following result shows that Cxp,;,, possesses as 
much symmetry as Hxp 

Proposition 4.43 (S., [S3]). For any rj,r]' G Q U {00} we have 4>rj' ,rj{Crj) = C^'. 
Moreover, the multiplication map gives an isomorphism of vector spaces 

(g) C,-Cxp,,. 

T)eQU{cx)} 

The proof of the second statement is again a variant of Proposition 3.37 in the 
context of coherent sheaves on curves. As for the proof of the first part of the 
Proposition, it goes in several steps. First we use an explicit construction of the 
equivalences e,,',,, (the so-called "mutations" -see [LMl]) to show that the elements 

i'^i^i^] ^ 't'v.oo{[Si:i]) and <^,,.oo (7r) belong to ^ ; Then we use a graded dimension 
argument to conclude that is indeed generated by these elements. We refer the 
interested reader to [S3], Section 8. for more details. 

It is natural to ask what the decomposition Cx — ^Cf^ means once translated 
to the quantum elliptic algebra Ujy(£b+). In other words, which decomposition of 
the positive root system A+ of £go is induced by the splitting of the indecompos- 
ables according to the slope ? Of course, for this it suffices to understand the rank 
and degree functionals on Q. 

Recall that an afBne Dynkin diagram is obtained from the corresponding finite 
type Dynkin diagram by the adjunction of an extra node denoted 0. The indivisible 
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imaginary root 60 of go is equal to do = ao + 9, where 9 = rijaj is the maximal 
root of the simple Lie algebra qq. 

Lemma 4.44. Let us identify Q and K{Coh(Kp^\)) as in Proposition Set 
p = l.c.m.{pi, . . . ,pn)- Then 



degiui,) = 0, 

deg{a(^ii)) = —, 
Pi 

deg{S) = p, 
deg{So) 



rank{ai,) = 1, 

rank{5) = 
rank{S()) ~ p 



Proof. Everything is a straightforward verification expect for the formulas concern- 
ing Sq. For these, we use the explicit expression for the maximal root 6, whose 
coefficients on the simple roots aj is given in the following table : 




Er: 



Es ■ 



1 

o- 



2 

O- 



2 

o- 



2 

-o- 



3 

-o- 



4 

-o- 



3 

-o- 



02 
4 

-O- 



02 
6 

-o — 



03 



2 

-o- 



3 

-o- 



5 

-o- 



1 

-o 



2 

-o- 



4 

-o- 



1 

-o 



3 

-o- 



2 

-o 



Thus a root a = c*a* + cgd + cg^do + ; Ci^ia(^i i^ is of slope rj if 



Of course, each 5^ := 0^(£j)^^ ^0o["] is a Lie subalgebra of £go and ~ 5^/ for 
any two r],r]'. In particular, £^ ~ = 

0i iif © ©r>i C/i*,r- Finally, the Serre 
functor -iSiuix is an automorphism of order p; this gives rise to a "hidden" action of 
Z/pZ by Lie algebra automorphisms on £go which preserves each The meaning 
(or the usefulness) of such an action is still not clear. 

All the above results naturally lift to the quantum level, though any explicit 
formula (for the analogues U,^(5^) of the subalgebras £qo) seems out of reach. 
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4.10. The Hall algebra of an elliptic curve. 

We now return to the question of determining the Hall algebras of smooth pro- 
jective curves. Just in the same way that quivers are split according to their rep- 
resentation theory in the three sets: finite type, tame type and wild typo, so are 
smooth projective curves split according to the complexity of their category of co- 
herent sheaves into : rational (i.e. P^), elliptic, and higher genus. This section deals 
with the second case, that of an elliptic curve X. The reference for everything here 
is the joint work [BSl]. 

Let as usual fc = Fg be a finite field and set u = . In defining the extended 
Hall algebra we run into a new phenomenon: the Grohendieck group K{Coh{X)) 
is infinite-dimensional. This is not a serious issue : by the Riemann-Roch theorem, 
the Euler form is 

Q)a = rank{T)deg(Ci) — rank{Q)deg{J^) 

and it makes sense to only keep track of the rank and the degree of a sheaf. Thus 
we consider a "partially extended Hall algebra" Hx '■= Hx ^ C[]s.(^r,d)]r,dei. where 
the imposed relations are now 

(the symmetrized Euler form vanishes). 

Let as usual Cq denote the category of semistable sheaves of slope rj. The follow- 
ing beautiful and important result of Atiyah is the basis of all our investigations : 

Theorem 4.45 (Atiyah, [A]). For any r],ri' there is an equivalence of categories 
In particular, 0^ ^ Tor{X) for any ?? G Q, 

Of course Theorem 4.42 is inspired by the above Theorem and can be interpreted 
as an equivariant version of it. As a consequence, as in Section 4.9, there is a de- 
composition Hx {^,^Hc,, . Our aim is to understand how the various subalgebras 
Hc^ commute. Since Hjc and Hc^ are of course too big, we first need to restrict 
ourselves to a well-chosen subalgebra (a kind of spherical subalgebra) of Hx. In 
this end, we make the following definitions. 

For ?7 € Q we set T^^r = 0»),oo(Tr) where 4>n,oc '■ Hc„ — * Hc^ is the isomorphism 
induced by the equivalence e^^oo- Thus, T^^r is a certain average of semistable 
sheaves of slope -q. We define Cx to be the subalgebra of Hx generated by the 
elements T^,r for 77 € Q U {00} and r > 1. 

Clearly the subalgebra of Cx generated by {T^,r | r > 1} for any fixed rf is 
a free commutative polynomial algebra, canonically isomorphic to a classical Hall 
algebra. We put C,, = Cx n Hc^ . 

Theorem 4.46 (Burban-S.). The following hold : 

i) The multiplication map induces an isomorphism of vector spaces 

(g) C^ ^ Cx. 

?j6QU{oo} 

ii) For anyrjequ {00}, C^ ~ C[r^,i, T^,2, . . .]. 
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The above Theorem gives us a precise information concerning the size of Cx ■ For 
instance, we may construct a basis of Cx by picking any basis {ax | A G 11} of C,, 
for all ?7 £ Q U {00} and then multiplying the elements of these bases in increasing 
order of their slopes. This means that in order to determine the structure of Cx 
as an algebra, we need to understand how to "reorder" a product T^^rTr)',s when 
7] > 1]' . This is the content of the next Theorem. Before we may properly state 
it, we have to introduce a bit more notation. As usual, k = ¥q and v = . By 
a Theorem of Hasse (see [H3], App.C ) there exists conjugate algebraic numbers 
cr, satisfying &a — q such that |X(g'')| = g'" + 1 — (a'' + a^). We put t = a/v 
and Ci{v,T) = v~'^[i\\X{q^)\/i = {u^ + v"^ — r* — T~*)[i]/i. It will be convenient 
to set T(^p^q^ = Trj^r where ry = q/p and r = g.c.d.{p,q). Thus, Cx is generated by 
{Tp.g I (j5, g) e (Z2)+} where by definition (1'^)+ = {(p, q) \ p > 1 or p = 0,q > 1}. 
Finally, for x = (p, q) G (Z'^)^ we set deg{x) = g.c.d.{p, q) and if x, y e (Z-^)^ then 
we set e(x, y) = sgn{det{x,y)) G {±1}- 



Theorem 4.47 (Burban-S.). The assignement T(^p,q) ^ tp.q for {p,q) G (^^)^ 
induces an isomorphism between Cx and the algebra Uj^ generated by the elements 
{t{p^q) I (p, 9) G (Z^)+} subject to the following set of relations 

i) //x,x' belong to the same line in (Z^)^ then [ix,ix'] = 0, 

ii) Assume that x, y G (Z^)^ are such that deg{x.) = 1 and that the triangle 
with vertices 0, x and x + y has no interior lattice point. Then 

(4.36) [ty, ix] = ex,yCdeg(y) ^J^^ 

where the elements 6^, z G (Z^)+ are obtained by equating the Fourier 
coefficients of the collection of relations 

(4.37) = exp{{v - v-^)Y, tr^o ^1, 

i r>l 

for any Xq G (Z^)^ such that deg{xo) = 1 (note that 9z = {f — i'~^)tz if 
deg{z) = I). 

Of course, it is immediate to obtain the presentation for Cx '■= Cx<S)C[k(r,d)]r,dez 
from the above Theorem. 

Example 4.48. As an illustration of the above Theorem, let us give a sample 



computation of T'(i_2)T'(i^_i), which we write as a path 





\ 



84 



OLIVIER SCHIFFMANN 



Moreover, from 



Cl we deduce that / is equal to : 

+ (C2-Ci),^ +\{y-V-^)Cx +--^) 

^ A 

It is easy to show using Theorem 4.47 that Cx is generated as an algebra by 
the classes {T^p^q) \ p < 1} oi torsion sheaves and line bundles. Therefore, the 
coproduct is completely fixed once we have determined it for these elements. In 
that direction, we have : 

Proposition 4.49 (Burban-S.). The algebra Cx is stable under the coproduct map 
A. In addition, we have 

(4.38) A(T(o,^)) = T(Q,r) ® 1 + k(0,r) ® T(0,r), 

(4.39) A(T(i,„)) = T(i,„) ^l + J2 ^'k(i,„-;) ® T^i,n-i) 

l>0 

where 6i is determined by the following set of equations : 

^ 9is' = exp{{v - i.-!) ^r(o,.)s'^). 

Proof. The proof of this Proposition follows verbatim that in Example 4.12. / 

Observe that all the formulas (4.36), (4.37), (4.38) and (4.39) are given by 
some Laurent polynomials in v and r. Just like for the classical Hall algebra, 
this means that wc may consider a generic algebra which is defined over the 
ring C[i^^^, T^^], and which specializes to for any particular choice of an elliptic 
curve X. See [BSl], Section 6 for more on this algebra. 

Remarks 4.50. i) There is an evident similarity between the spherical Hall algebra 
Cx of an elliptic curve and the spherical Hall algebra Cxp ^ of a weighted projec- 
tive line of elliptic type. In fact, Cx looks like a "degenerate" version of Cxp;,,. 
Recall that these are isomorphic to the positive parts \5u{Ch+) of quantum elliptic 
algebras UviSQo) when go is of type D4,Ee,Er or £^8- As explained in [SVl], Cx 
may be interpreted as the positive part of a quantum elliptic algebra T-(6'g[(l)), 
though such an algebra has not formally been defined before. One noteworthy dif- 
ference between Cx and Cx^ .^ is that Cx contains two deformation parameters- 
one for the size of the finite field and one to account for the choice of the elliptic 
curve- whereas Cxp,x only contains one such parameter. 

ii) The classical Hall algebra H of Lecture 2 provides a canonical one-parameter de- 
formation of Macdonald's ring of symmetric functions A = C[.ti, X2. ■ ■ .J®"^ . Some- 
thing similar happens here : is a two-parameter deformation of the algebra of 
diagonal invariants 

R = C[xi,X2,...,yt\yt\---f'°, 
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where the symmetric group Sqo acts by permutation on the variables Xi and Ui 
simultaneously. In fact, U"*" may be interpreted as some sort of stable limit of 
(spherical) Cherednik Hecke algebras of type An as n tends to infinity (see [SVl]). 

4.11. The Hall algebra of an arbitrary curve. 

To conclude this Lecture, we collect the little that is known concerning the Hall 
algebras of (smooth) projective curves of higher genus. Let X be such a curve of 
genus g > 1, defined over the field k = ¥q. Let Hx be the Hall algebra of Coh{X). 
As in the case of an elliptic curve, the Grothendieck group K{Coh{X)) is infinite 
dimensional. It will again be enough to take into account only the degree and the 
rank of a sheaf. The Ricmann-Roch theorem reads 

(-^j S)a = (1 — g)rank{T)rank{Q) + rank{T)deg{Q) — rank{Q)deg{T) 

and we may hence define a "partially extended" Hall algebra as Hx := Hx (g) 

C[k(r,rf)], where 

k(r,<i)k(s,0 =k(r+s,d+0' 

The first problem that we face here is to find a meaningful candidate for Cx C 
Hx- Though this may not be the only choice, let us define Cx to be the subalgebra 
generated by the elements 

deg{J^)=d 
deg{J^)=n 

T line bundle 

and let us set Cx = Cx <8>C[k(r,d)]r,dez- When X is of genus zero or one, this leads 
to the spherical Hall algebras defined in the previous Sections (see [SVl] , Section 6) . 
The commutation relations satisfied by the elements l(o,(i) and 1^^ ^■j are not very 
easy to describe. However, the coproduct may be explicitly computed : 

Lemma 4.51. Define elements T{q4), d>\ and 9i, I >0 by the formulas 

i+EW = -^>(E%r^'). 

r>l ^d>l ' ' 

E ^is' = exp({u - u-') J2 Tio,r)s'-) . 

l>0 ^ r>l ^ 

A(T(o,d)) = T(o,d) ® 1 + k(o,d) ^ r(o,d), 
A(l^iV)) = 1^1%) ® 1 + E ^'k(i,„-o ® llln-iy 

l>0 

Proof. The proof of Example 4.12. works here as well. / 

A consequence of the above Lemma is that Cx is stable under the coproduct. 
Next, let ( , ) be the restriction to Cx of Green's scalar product. 



Then we have 
(4.40) 

(4.41) 
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Lemma 4.52. We have 

(^(o.d), l(i,„)) = 
(4.42) (J(o,d),J(o,oJ -^d,/ ^(^qd_i^ 

where Jacx is the Jacobian of X. 

Proof. The first and the third formulas are obvious. We prove the second. By 
definition, 



lid xex 

deg(T.) = l 

where Tx.d = ^deg{x)<j)~^ (p_d_) and (f)!:^ : A ^ tlxorx the isomorphism 
constructed in Section 2.4. Using (2.9), we deduce that 

. _ m 

The relation 

l = \X{q'')\ 

i\d xex 

deg(x)=l 

finishes the proof. / 
Let Zx{t) be the zeta function of X, which is defined as 

Zx{t)=exp(^jX{q^)\^-^^ . 

The Weil conjectures (proved by Deligne) assert that there exists algebraic integers 
Oil, ■ ■ ■ , ct2g all of norm |a,| = and satisfying aia2g+i-j = q such that 

Moreover (see e.g. [M2], 7. Section 14.), we have \ Jacx{q)\ = Y\i{^ — cti)- Thus 
we see that the scalar products (4.42) are all expressed as rational functions of 
a\, . . . , a2g, or even ai, . . . , ag. 

It turns out that the mere knowledge of the coproduct (Lemma 4.51) and the 

value of Green's scalar product (Lemma 4.52) completely determines Cx ! To 
see this, let us introduce a formal topological bialgebra generated by elements 
21(0, d) for d>l, for n G Z and k(^^) for r^d^'L subject to the relations 

k(r,d)2Z(0,0 = Z!(0,i)l5(r,d)> 

A(T(o,rf)) = T(o,<i) ® 1 + k(o_,) ® T(o,d), 



and 
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where Oi is again defined by the relation 



l>0 ^ r>l ' 



Theorem 4.53 (Kapranov, [K2]). There exists a unique Hopf scalar product (, ) 
on U'x satisfying 

(Z(o,d))l(i,„)) = 

(J-(OA}^J-(OA)j - Od,l ^( d_i) ' 

(4-43) 

l.A(l,n)>i(l,TO)J — "n,™ ^3^^ 

Lei /' C he the intersection of the radical of {,) with the subalgebra generated 
by {Tio,d) \d>^} {^1^^ \n&'L}. Then Cx ^ U^//'- 

Proof. The first statement follows from the fact that is essentially a free algebra 
over the subalgebra generated by {^(r^d) \r,d gZ} (of course this is not strictly true 
because the elements ^(r,d) are not central). In other words we may, using the Hopf 
property of (, ), express any scalar product {a,b) in terms of some fundamental 
scalar products (4.43) in a unique fashion. 

As for the second statement, observe that by construction there is a natural 
surjectivc homomorphism -» Cx, and that this surjcction preserves the scalar 
products. Hence it only remains to show that the kernel of the restriction of Green's 
scalar product to Cx lies entirely in the subalgebra generated by {'k(r,d), \ r,d e Z}, 
or cquivalcntly that the restriction of Green's scalar product to Cx is nondcgener- 
ate. Note that because all the structure constants for the multiplication in are 
real, Cx admits an obvious real form Cx,r- the K-subalgebra of Hx generated 
by the elements {7(0. d)} and {1(J„)}- But from the definition it is equally clear 
that the restriction of Green's scalar product to the real form Hx,r of is pos- 
itive definite. Therefore the same scalar product is positive definite on Cx,r and 
nondegenerate on Cx as wanted. We are done. / 

Of course, the above description is rather implicit and not so useful in practice 

for actual calculations. Using some classical results in the theory of automorphic 
functions for function fields, Kapranov managed to find certain (but a priori not 
all) elements lying in the kernel I' : 

Proposition 4.54 (Kapranov, [K2], Thm. 3.3.). Set 

E{t) = Ela.n)*"' V'(5) =exp[Y, 
Then the Fourier coefficients of the following series belong to I' : 

Zx{t2/tl)E{ti)E{t2) - Zx{ti/t2)E{t2)E{ti), 

ij{s)E{t) - Zx{v-ht-^)E{t)^{s), 

V'(si)V'(S2) - V(S2)V'(si)) 

where as before Zx{t) is the zeta function of the curve X. 
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The last relation simply says that the subalgebra of Cx generated by {T^o,d)} 
is commutative, and the second says that this subalgebra acts in some kind of 
"semisimple" manner on the whole algebra. Finding more relations (most likely 
some higher order relations involving the series E(t)) seems to be an important 
open problem. 

Remarks 4.55. i) As we mentioned earlier, the values of the scalar products (4.42) 
are all expressed as rational functions of the Weil numbers ai,. . . ,ag. Prom the 

universal construction given in Theorem 4.53 we see that Cx and Cx depend ratio- 
nally on these g parameters as well, in addition to the parameter q. Hence, whatever 
the algebra Ux = U^//' is, it should depend on g' + 1 deformation parameters. 
Indeed, we have seen that when X is P"'^, or when X is a weighted projective line 
then there is a single deformation parameter whereas when X is an elliptic curve 
there are two such deformation parameters. 

ii) It is also possible to define the quantum enveloping algebras \Jy(b+) of Kac- 
Moody algebras as quotients of some (essentially) free algebra equipped with a 
particular coproduct and a Hopf pairing, by the radical of that Hopf pairing (this 
is the approach taken by Lusztig [L5]). It would be interesting to single out and 
study in a unified manner a class of quantum algebras obtained in this fashion, 
encompassing all examples appearing in these lectures. 

iii) There is a dual construction of the spherical Hall algebra Cx as a subalgebra 
of a certain 'shuffle' algebra, whose structure constants again depend rationally on 
the Weil numbers ai, . . . , a^. Wc refer the interested reader to [SV2] for this. 

iv) The definition of the spherical Hall algebra given here is inspired by the inter- 
pretation of the (whole) Hall algebra of a curve X as an algebra of automorphic 
forms for the general linear groups GL{n,Ax) over the adele ring of X. We refer 
the reader to [S5, Lecture 5] for more. 
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Lecture 5. 

This final Lecture brings together some examples of Hall algebras studied in 
Lectures 3 and 4 under the new perspective of derived equivalences. As observed 
roughly at the same time by Xiao and Peng (see [X2], [PX2], see also [PT]), and 
by Kapranov ([K2], [K3]) the Hall algebras and Hg of two derived equivalent 
hereditary categories A and B, though in general not isomorphic, are two different 
"positive halves" of the same algebra. Algebraically, the relevant process of "dou- 
bling up" a Hopf algebra is provided by the Drinfeld double construction, which 
associates to any Hopf algebra H another Hopf algebra DH isomorphic, as a vector 
space, to H (g) H*. 

Thus, heuristically, one should consider the Drinfeld double DH_4 as some kind 
of invariant (a "Hall algebra") of the derived category D^{A)., or more precisely of 
the 2-periodic category D^{A)/T'^. Motivated by this guiding principle, Peng and 
Xiao constructed a Lie algebra Tij, attached to D^{A)/T'^ for any A of finite global 
dimension, and Kapranov defined an associative algebra L{A) attached to D^{A) 
(but not D''{A)/T'^) for any hereditary A. 

This line of thought naturally leads one to the more general problem of associat- 
ing directly a "Hall algebra" to an arbitrary derived, or more generally triangu- 
lated category C. This was only recently settled by Toen [T] who constructed such 
a Hall algebra for any dg-category under the extra assumption that C be of finite 
global dimension (so that the case of D^{A)/T'^ is unfortunately again excluded). 

After giving some motivating examples, we recall in this Lecture the definition 
of the Drinfeld double of a Hopf algebra and state various conjectures relating 
the Drinfeld double DH^ of a hereditary category A and the 2-periodic category 
D^{A) /T^. We then (succintly) give the definition of Xiao and Peng's Hall Lie alge- 
bra of D''{A)/T^ and describe (even more succintly) the constructions of Kapranov 
and Toen. A vey last Section contains a few open problems and directions for fur- 
ther investigations. The article [K7] can serve as a good reference for all the notions 
of homological algebra which will be used here. 

5.1. Motivation. 

Although the categories of representations of quivers (discussed in Lecture 3) 
and the categories of coherent sheaves on smooth projective curves (which form the 
content of Lecture 4) are of very different origin there are, as the reader has beyond 
doubt already noticed, some strinking similarities. 

The simplest example is that of the categories of representations of the Kronecker 
quiver Q (Examples 3.11 and 3.34.) and of coherent sheaves on the projective line 
(see Section 4.2.) : the picture (3.19) of the category RepkQ may be obtained 
from the picture (4.6) of Coh{F^) by slicing in the middle and moving the right- 
most piece to the left. This is in fact a consequence of the existence of an equiv- 
alence of derived categories F : D''{Coh{F^)) ^ D''{RepkQ). The equivalence F 
sends the subcategory Tor(P^) of torsion sheaves to the subcategory R of regular 
modules, sends the line bundles O, 0(1), 0(2), ... to the preprojective indecompos- 
ables P(1),P(0),T-P(1),... and sends the line bundles 0(-lj, 0(-2), e)(-3), . . . 

to the preinjective indecomposables /(O), /(I), t/(0), Equivalently, we may view 

RepkQ and Coh{¥^) as the hearts of two distinct t-structurcs on the same trian- 
gulated category. This is best understood by drawing a picture : 
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(5.1) 
r" 



Co/i(pi) 



Coh{¥^)[-l] 



n r 



RepkQ[l] 



J L 



RepkQ 



RepkQ[-l] 



In (5.1), we have used the fact that since Coh{¥^) (or Rep^Q) is of global dimen- 
sion one, any complex M of D''{Coh{¥^)) (or of D''{RepkQ)) is quasi-isomorphic 
to a direct sum of stalk complexes M ~ 0. if*(M)[— i]. Thus any indecompos- 
able complex is of the form /[/] for some indecomposable object / in Coh{¥^) (or 

(RepkQ)) ■ In other words, wc get a picture of these derived categories simply by 
putting along a line Z copies of the picture of the corresponding abelian category. 

The explicit form of the above equivalence is as follows. Put T = O ® 0{1). 
Then T generates D'>{Coh{¥'^)) as a triangulated category and Ext^{T,T) = {0}. 
It is easy to check that A = End{T) is the path algebra of Q. The main Theorem 
of tilting theory (see [HI]) thus gives an equivalence 

RHom{T, •) : D''{Coh{¥^)) ^ D'>{Mod-A) = D'> {Repk{Q)) ■ 



The existence of this derived equivalence has a some immediate important con- 
sequences : we obtain an isomorphism of Grothendieck groups K{Coh{F^)) ^ 
K{RepkQ) compatible with Euler forms; the indecomposables in D''{Coh{¥^)) are 
sent bijectively to the indecomposables in D^{Repk{Q)). What can we deduce con- 
cerning the classes of indecomposables in the Grothendieck group ? Since the class 
of an indecomposable is = (—1)'/, we see that, under the above isomorphism 
of Grothendieck groups, 

±{M I M indecomposable in D^{Coh{¥'^))} 

= ±{M I M indecomposable in D^{RepkQ)} 

Indeed, if we plot the classes of indecomposables in Coh{¥^) then we obtain the 
following set in K{Coh{¥'^)) = 1? : 



On the other hand, if we plot the indecomposables in RepkQ then we obtain the 
following set : 
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By Theorem 3.10 and Corollary 4.4, we see that the sets of indecomposables 
in Coh{¥^) and RepkQ correspond to two distinct (and even nonconjugate) sets 
of positive roots for the root system A of slg. These in turn are attached to two 
distinct and nonconjugate Borel subalgebras b+ and £b+ of 5(2 (sec Appendix A. 2, 
Example A. 15.). Alternatively, we can say that the appearance of the same root 
system A and Kac- Moody algebra sl2 in both contexts is explained by the existence 
of a derived equivalence D^{Coh{¥^)) ^ D^{RepkQ). 

Based on this observation it seems natural to consider the derived category 
V = D''{Coh{P^)) ~ D^{RepkQ) as "representing" the whole Lie algebra SI2, in 
the same way as the abelian categories Coh{¥^ ) and RepkQ "represent" some Borel 
subalgebras of si2. To be more accurate, one should consider the 2-periodic derived 
category 2?/T^ rather than the whole V since 5(2 is (roughly) made up of two 
copies of b+ or £b+. Recall from [PXl] that V/T"^ is a triangulated category whose 
objects are (necessarily unbounded) complexes P equipped with an isomorphism 
P ^ T^{P), where T stands here for the shift (suspension) functor. 

At this point, it is very tempting to try to define a Hall algebra for the derived 
category D and its 2-periodic version P/T^, in the hope of obtaining in this fashion 
a realization of the whole quantum group Ui,(sl2) rather than of its various "positive 
parts". There are in this direction several important partial results, due to Peng 
and Xiao, Kapranov and Tocn respectively, which we survey in Sections 5.5 and 5.6. 
Another approach is to recover the whole quantum group U„(sl2) from its positive 
parts U„(b+) or Uy{Cb+) in a purely algebraic manner (by the so-called Drinfeld 
double construction), and to relate properties of V and D/T^ to this algebra. This 
is the line we follow in Sections 5.2-5.4. 

Of course, the pair consisting of Coh{V^) and RepkQ for Q the Kronecker quiver 
is far from being the only example around of derived equivalent hereditary cate- 
gories. By a Theorem of Geigle and Lenzing [GL] , any weighted projective line ^p,x 
of parabolic type is derived equivalent to RepkQ for an appropriate tame quiver. 
In this case, one may construct a derived equivalence just as was done above for 
Coh{F^), but using the object T = 0o<£<c^(^) instead. Pictorially, this is rep- 
resented by : 



RepkQ[l] RepkQ 



1 




1 1 




1 










[ 


II II 



Co/l(Xp,A)[l] Co/i(Xp,A) (7o/i(Xp,A)[-l] 
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This explains the occurence of affine Lie algebras g in both contexts, and matches 
the picture of regular indecomposables for tame quivers and the picture for torsion 
sheaves in weighted projective lines. It also provides a conceptual explanation 
for the existence of a total order on the set of indecomposables of a quiver of 
finite type satisfying the conditions stated in Lemma 3.19 (it suffices to choose any 
order refining the order given by the slope function). Other examples are given in 
Section 5.4. 

5.2. The Drinfeld double. 

In this Section we will describe a fundamental algebraic construction due to 

Drinfeld which allows one to construct many new Hopf algebras from old ones. Let 
H be a finite-dimensional Hopf algebra, and let H^oop be its dual Hopf algebra, 
with opposite coproduct. 

Theorem 5.1 (Drinfeld). There exists a unique Hopf algebra structure on the 
vector space DH = H (g) H*^^^ such that 

i) H and H*^^^ are Hopf subalgebras of DH, 

ii) If hen and h' € H*^^^ then h-h' = h®h' & DH, 

iii) The natural pairing { , } on DH is a Hopf pairing. 
Moreover, for /i e H and h' G t^-toop ™^ ^'^^^ 

/l' • /I = ^{/I'd), /l(3)}{5-l(/i'(3)), V)}/i(2)/i'(2)- 

In the above, we have used Sweedler's notation for the coproduct of Hopf alge- 
bras, namely A(a;) = ^(2) and A^(a;) = ^i^) <^ a;(3). 

Now if in addition H is self-dual, i.e. that H ~ H* then we may identify DH 
with H (g) H and the above construction endows H ig) H with the structure of a Hopf 
algebra. This happens for instance when H is itself equipped with a nondcgcnerate 
Hopf pairing ( , ) (not to be confused with the natural pairing { . } on DH ) . In 
that situation we may rephrase Drinfeld's construction without mentioning H* at 
all : 

Corollary 5.2. Let H be a finite- dimensional Hopf algebra with a nondegenerate 
Hopf pairing. Let H+,H^ be two isomorphic copies oftl, and equip H^ with the 
opposite coproduct. Let D be the Hopf algebra generated by H+ and H~ modulo 
the relations 

i) H^ are Hopf subalgebras, 

ii) For h^ G H='= we have 

/l- • /l+ = ^(/l^,),/l+))(5-l(/l^3)),/l+))/l+)/l(2)- 

Then the multiplication map H+ (g) H~ -^T) is an isomorphism of vector spaces. 

The advantage of this reformulation is twofold : wo may apply it to an infinite- 
dimensional Hopf algebra (even a topological Hopf algebra), and we may also apply 
it when H is equipped with a Hopf pairing which is allowed to be degenerate. 
This produces in all cases a topological Hopf algebra structure on the vector space 
DH = H O H. 

One of the motivations behind Drinfeld's construction is its implication for quan- 
tum groups, as the following Proposition demonstrates. Let g be a Kac-Moody 
algebra and let U„(bY) be the quantized enveloping algebra of a Borel subalgebra 
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b' C 0' (see Appendix A. 2). This is a Hopf subalgebra equipped with a (usually 
degenerate) Hopf pairing. 

Proposition 5.3 (Drinfeld). Let K = C{v)[Kf^]iQi C U„(b+) be the quantized 
enveloping algebra of the Cartan subalgebra f) C b^. Then Ki ^ K^^ e DUv(bY) 
are central elements for all i, and there is an isomorphism of Hopf algebras 

T>V,{b'+)/{Ki ® Kr^ - l)i ~ U,(0')- 

In other words, the Drinfeld double is exactly the gadget needed to pass from the 
positive part U„(b'|_) to the whole quantum group U-„(0). It is important to note 
that this is a purely quantum phenomenon- the classical enveloping algebras U{g) 
do not possess natural Hopf pairings with good properties, and are not self-dual. 

Extended Hall algebra of some hereditary finitary category A form another 
wide class of Hopf algebras which we may force through Corollary 5.2. Given the 
similarility between quantum groups and Hall algebras, we define, following Xiao 
[XI] the reduced Drinfeld double DH^ to be the quotient of DH^ by the ideal 
generated by the elements (k^F (81 ~ 1) € ® for all G A. It is easy to 
check that DH^ admits a triangular decomposition 

DH^ = O K O 

where K = C[i^(^)]. 

5.3. Conjectures and Cramer's Theorem. 

We are now ready to formulate certain conjectures relating the structure of 
the (reduced) Drinfeld double DH^ of a finitary hereditary category A with that 
of the derived category D^{A) and of the 2-periodic derived category D^{A)/T'^. 
Throughout, we let €1,62 be finitary hereditary connected categories, which we 
suppose in addition to be Fg-linear for simplicity. An exact functor F : D''{Ci) 
D^{C2) will be called friendly if there exists an integer n such that 

F{Ci) cC2[-n]®C2[-l-n], 

i.e. for any object M of Ci, the complex F(M) is concentrated in degrees n and 
n + 1. Examples of unfriendly exact functors are known when Ci = RepkAn for 
instance. However, it is believed that if Ci and C2 are not of finite type then any 
derived equivalence is friendly ([L4]). 

Conjecture 5.4. // Ci and C2 are derived equivalent then DHcj^ and DHc^ are 
isomorphic as algebras. 

For any object L of a hereditary category A, we set 

[L]+ = [L] ® 1 e DH^, [L]- = 1 ® [L] e DH^. 

Conjecture 5.5. Let F : D^{Ci) D^{C2) be an exact, fully faithful and friendly 

functor. For any object M of Ci, define n £ Z and objects N,N' 0/C2 such that 
F{M) ~ N[-n] © N'[-l - n]. Then, setting e(n) = -(1)", the assignement 

(5.2) k^-k^")k-^("), 

(5.3) [M]± ^ iydiN,N',n) [Af]±^(n)k±"^(") . [iV']T^(n)kT(n+l)<n) 
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with d{N,N',n) = n{N,N}a + {n + l){N^,N')a - {N,N')a, extends to an em- 
bedding of reduced Drinfeld doubles : DHci ^ DHcj • This embedding is an 
isomorphism if F is a derived equivalence. 

Now let us assume that the symmetrized Euler form ( , )q of a hereditary 
category A vanishes identically (the so-called Calabi-Yau case). In that situation, 
the Hall algebra is already a Hopf algebra and there is no need to extend it 
by C[iir(^)] (see Remark 1.11.). Thus it is legal to consider the (genuine) Drinfeld 
double DH_4 of the Hall algebra of such a category. 

Conjecture 5.6. Assume that the symmetrized Euler forms of both Ci and C2 
vanish identically. Let F : D''{Ci)/T^ D''{C2)/T^ be an exact, fully faithful 
functor. For any object M of C\ define objects N, N' of C2 such that F{M) ~ 
TV © iV'[-l]. Then the map 

extends to an embedding of Drinfeld doubles F« : DHc^ ^ DHcj • This embedding 
is an isomorphism if F is a derived equivalence. 

To finish, we mention the following weaker conjecture, which is a direct conse- 
quence of Conjectures 5.5 and 5.6 : 

Conjecture 5.7. Let C be any hereditary and finitary category. If any autoequiv- 
alence of D^{C) is friendly then the group Aut{D^{C)) acts on the reduced Drinfeld 
double DHc by algebra automorphisms. If the symmetrized Euler form ( , )„ ofC 
vanishes then the group Aut{D^{C)/T'^) acts by algebra automorphisms on DHc. 

In a recent preprint [C] , T. Cramer made a big step towards resolving the above 
conjectures. Namely, 

Theorem 5.8 (Cramer). Conjectures 5.4, 5.5 hold under the assumption that one 
ofCi,C2 satisfies the finite subobjects condition. 

5.4. Examples and applications. 

In this Section we illustrate the principles explained above and give some evi- 
dence for Conjectures 5.4-5.7. 

The first type of applications is related to derived equivalences between cate- 
gories of representations of quivers with the same underlying graph but different 
orientations. Let Q be an arbitrary quiver and suppose that the vertex i of Q is a 
sink, i.e. there are no oriented edges going into i. Let SiQ be the quiver obtained 
from Q by reversing all the arrows leaving i (so that i is now a source of SiQ). To 
the quivers Q and SiQ is attached the same Kac-Moody Lie algebra g. Bernstein, 
Gelfand and Ponomaraev discovered in [BGP] the so-called reflection functor, which 
is a derived equivalence 

S, ■.D\Q)^D\s,Q). 

Observe that in RepkQ we have Ext^{Si,I) = {0} for any indecomposable object 
/ different from Si, whereas in RepkSiQ, Ext^{I, Si) = {0} for any indecomposable 
/ distinct from 5,. The equivalence <S, may be represented as : 
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RepkQ[l] RepkQ RepkQ[-l] 
1 I 1 I 1 



^ • . . . . • ,f . • ^ • . . . 


. • ;: 


II II II 


RepkSiQ[l] RepkSiQ 


RepkSiQ[-l] 



This equivalence is friendly in the sense of the preceding Section. The functor 
Si descends at the level of Grothendieck groups to an isomorphism : 

: K{D\RepkQ) ^ K{D\Repk34)) 

which, after the identifications of these Grothendieck groups with the root lattice 
0j "Lai of g, coincides with the simple reflection 5, in the Weyl group W oi Q. By 
Ringel's Theorem 3.16, there are embeddings 

* :U.(b;)--H^, 

Cramer's theorem implies the existence of an isomorphism of reduced Drinfeld 
doubles 

: DH^ ^ I^H^.Q' 

given by the formulas : 

Si,,{[Si]+) = v[Si\-\iT\ Si,,{[Si]-) = v[Si]+yn, 5i,,(k,) = kri, 

Si^i,{[R[^) = [Si{R)]^, for any indecomposable R. 
This restricts to an isomorphism of quantum groups 

Si,* :U,(fl')^U,(fl') 
satisfying (among other relations) 

(5.4) Si,4Ei) = uFiKr\ Si,*{Fi) = vEiKi, Si,4Ki) = Kr\ 

Sevenhant and Van den Bergh in [SVdBl] , and later Xiao and Yang in [XY] , checked 
this directly some time ago. The formulas (5.4) were first written down by Lusztig 
(see [L5]), but they acquire under this new light a very clear conceptual meaning. 

There are, of course, completely similar results for the reflection functors 

Si : D\RepkQ) ^ D\RepkSiQ) 

associated to a source i rather than to a sink of the quiver Q. In that situation, 
the pictorial representation of the equivalence id as follows : 

RepkQ[l\ RepkQ RepkQ[-l] 
I 1 I 1 I 1 

■■■ i If ' ^/s l ^ ' 1/ ••• 
1 1 1 1 1 1 

RepkSiQ^)^ RepkSiQ RepkSiQ[-l] 

Note that although all these functors Si lift the action of the Weyl group on the 
root lattices to the level of derived categories, the corresponding automorphisms 
Si,i, of the Drinfeld double U^{q') only give rise to an action of the braid group. In 
other words, there is a slight loss of symmetry when one goes from the Grothendieck 
group to the (Drinfeld doubles of) Hall algebras. 



96 



OLIVIER SCHIFFMANN 



We now turn to another class of examples of applications of the conjectures stated 
in the previous Section. Let X be an elliptic curve defined over the field k = ¥q, 

and let Hx be its Hall algebra. Recall from Section 4.10. that the indecomposable 
objects of Coh{X) are all semistable and that the subcategories of semistables 
are all equivalent to one another for jj, € Q U {oo}. Moreover, the symmetrized 
Euler form ( , )„ vanishes identically on the Grothendicck group. In that situation, 
motivated by Conjecture 5.7, we consider the group of autocquivalcnces of the 2- 
periodic category D^{Coh{X))/T'^ . Wc may represent this triangulated category 
as the result of gluing the right end of the abelian subcategory Coh{X)[—l] to the 
left end of Coh{X), as depicted below : 



CnlilX) Cnli[X)[-l] 
II 1 




The derived category D^{Coh{X)) and its 2-periodic version posses many inter- 
esting autocquivalcnces, as was discovered by Mukai [M3]. Let £ he a spherical 
sheaf in Coh{X), i.e. an object satisfying Hora{£,£) ~ Ext^{£,£) — k, for exam- 
ple the structure sheaf the curve O or the structure sheaf of a closed point Ox^ of 
degre one. Consider the functor 

Ts : D\Coh{X)) — > D\Coh{X)) 

defined by 

Tf (JF) = cone{RHom{£,J^) ®£^J'). 

The functor Ts is exact and induces an equivalence of derived categories for any 
spherical sheaf £. Moreover, as shown by Seidel and Thomas (see [ST]), there is a 
natural transformation of functors : 

and if we set $ = ToTq^^To then there exists an involution i of X such that 
~ i* o T, where T is the translation i— > This means that there is 

a group homomorphism from the braid group on three strands to the group 
Aut{D^ [C oh{X))) . This homomorphism is injcctivc (sec [ST]). The braid group 
i?3 is isomorphic to the universal covering 5L(2,Z) of SL{2,7?) given by a central 
extension of SL{2,Z) by Z. Since in Aut{D^(Coh{X))/T^) we have^[l]2 ~ id, the 
action of B3 on the 2-periodic category descends to an action of 51/(2, Z), where 
S'L(2,Z) is a two-fold covering of SL{2,Z). All these equivalences are friendly. 
Moreover, the action of SL{2,Z) on the Grothendieck group K{Coh{X)) factors 
through the quotient K{Coh{X)) 1? given \sy T ^ {rank{J^),deg{J^)), and 
coincides there with the tautological action of 5L(2,Z) on Z^. All this may be 
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summarized in the following commutative diagram : 

Bs ~ SL{2, Zf ^ Aut{D''{Coh{X))) 

SL{2, Zf > Aut{DbiCoh{X))/T^) 




SL{2,Z) = Aut{Z^) 

Proposition 5.9 (Burban-S., [BSl]). Formulas (5.2) and (5.3) define an action 
of SL{2,Z) on the reduced Drinfeld double DHx of the Hall algebra of X. 

Using the above Proposition, we were able in [BSl] to give an algebraic descrip- 
tion of the reduced Drinfeld double DCx of the spherical Hall algebra Cx (see 
Section 4.10.). We keep the notations of Theorem 4.47, and in addition we set 




1 ifxG(Z2)+, 
-1 if-xG(Z2)+. 



Theorem 5.10 (Burban-S., [BSl]). The algebra DCx is isomorphic to the the 
algebra \Jx generated by elements {t(p,q) | {p,q) S (Z^)*} and {^r,d \ r,d € Z} 
subject to the following set of relations 

i) ^r.d^r' ,d' — ^r+r' ,d+d' ! 

i) // X, x' belong to the same line in Z? then 

k — 

r 1 Ik 

' V — V ^ 

ii) Assum,e that x, y £ are such that deg(x) ~ 1 and that the triangle with 
vertices 0, x and x -|- y has no interior lattice point. Then 

Q 

(5-5) [tyjix] = ex,yCdeg(y)ka(x,y) ^ _ 

where a(x, y) is given by the cocycle : 

iex(exX-Feyy-ex+y(x-|-y)) i/ex,y = 1, 
iey(exX -I- Cyy - ex-Ky(x + y)) i/ex,y = -1, 



(5.6) a(x,y) 



and the elements z G Z^ are obtained by equating the Fourier coefficients 
of the collection of relations 



(5.7) ^Oi^^s' = exp{{v - V ^)^irxos''), 

i r>l 

for any xq e (Z^)"*" such that deg{xo) = 1 (note that 6^ = [f — z^~^)tz */ 
deg{z) = I). 

The action of SL{2,Z) on DHx preserves the Drinfeld double of the spherical 
subalgebra T>Cx, and is nothing else than the (obvious) action 

$(Kx) = K*(x), $(tx) = i*(x)<xr^"», 

for $ e SL{2,Z). 
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Hence, we see that the very symmetric nature of the derived category D^{Coh{X)) 
is reflected in the equally symmetric structure of the algebra Ux- Set = 
C[\s.r.d\r,dez- Acting by the automorphisms in S'L(2, Z), we obtain, in addition to 
the standard decomposition — (gi (Si , a whole family of triangular 
decomposition, one for each line in 7? through the origin. 

Remark 5.11. The algebra Ux, or more precisely its generic version U"*' may be 
interpreted as a limit when n tends to infinity of the spherical Cherednik algebras 

of type An (sec [SVl]). The action of SL{2,'E) by automorphisms is a well-known 
and crucial feature of these spherical Cherednik algebras. The above thus provides 
one conceptual interpretation for this symmetry. 

Let us jump now from the case of an elliptic curve to the closely related case of 
a weighted projective line ^p,x of elliptic type. Here also, the group of autocquiv- 
alcnccs of the derived category has a rich structure. Recall that we have a degree 
function deg : L{p) Z; the kernel L^\p) = deg^^{0) is a finite group (isomor- 
phic to (Z/2Z)3 if p = (2,2,2,2), to (Z/3Z)2 if p = (3,3,3), to Z/2Z x Z/4Z if 
p = (2,4,4) and to Z/2Z x Z/3Z if p = (2,3,6)). The group of automorphisms 
Aut{Xp^x) of Xp^;^ is also finite. 

Proposition 5.12 (Lenzing-Meltzer, [LM2]). LetXp^x be a weighted projective line 
of elliptic type. There is a short exact sequence of groups 

1 > L°(p) < Aut{Xp^x) > Aut{D^{Coh{Xp,x)) ^ -B3 > 1. 

Proposition 5.13 (Burban-S., [BS2]). Formulas (5.2) and (5.3) define an action 

of Aut{D''(Coh(Kp^x)) on the reduced Drinfeld double DHxp >^ of the Hall algebra of 
Xp X- This action preserves the Drinfeld double DCxp ^ 0/ spherical subalgebra 
o/Hxp,,. 

Remarks 5.14. i) As far as smooth projective curves are concerned, the above 
example of the elliptic curve in fact exhausts all possible applications of the con- 
jectures in Section 5.3. Indeed, by a theorem of Bondal and Orlov [BO], the group 
of autoequivalences of D''{Coh(X)) for X of genus g > 1 is essentially trivial : it 
is generated by the group Pic^{X) of line bundles of degree zero, by the group 
of automorphisms of the curve X itself, and by the suspension functor T. All of 
these clearly act on DH^, and preserve DCx- Completely similar results hold for 
hyperbolic weighted projective lines (see [LM2]). 

ii) The case of the derived equivalence between Coh{F^) and RepQ for Q the Kro- 
necker quiver is dealt with in many details in [BS3]. 

iii) There is one important point which we would like to stress. Although the 
Drinfeld double of a Hopf algebra is again a Hopf algebra, the Drinfeld doubles 
of the Hall algebras of two derived equivalent hereditary categories are in general 
not isomorphic as Hopf algebras (i.e. the coproduct is not invariant under derived 
equivalence). For instance, D''{Coh{F^)) ~ {RepkQ) where Q is the Kronecker 
quiver and DCpi ~ DC^ (~ Uv{si2)) as algebras but not as colagebras : Drin- 
feld's coproduct is not equal to the standard coproduct (sec Appendix A. 6.). 

Another way of saying this is that a given quantum group (say, coming from a 
Hall algebra) may have several distinct coproduct structures, all compatible with 
the same multiplication -one for each polarization ~ U+ (8) (8) U~ . 
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5.5. The Hall Lie algebra of Peng and Xiao. 

Let ^ be a finitary and hereditary F^-linear category and let D^{A)/T'^ be its 
2-periodic derived category. Observe that if M g D^{A)/T'^ is indecomposable 
then the class of M in the Grothendieck group K{D^{A)/T'^) ~ K{A) is nonzero. 

Let I A stand for the set of indecomposable objects of D^{A)/T'^ ^ up to isomor- 
phism. For any M G X4 put d{M) = dim{End M/rad End M), and let h be the 
Z-submodule of Q (8) K{A) generated by the elements for N gT^, where /ijv 
stands for the class of an object N. We may extend the symmetrized Euler form 
( , )o to h by setting 

(M, N)a = dim{Hom{M, N)) + dim{Hom{N, M)) 

- dim{Hom{M, N[l])) - dim{Hom{N, M[l])). 

Consider a free Z-module 

n= Z[M] 

with basis indexed by elements of J4, and put g = g(^) = n ® h. 

For any three elements X, Y, L of 2^, let VI^(X, Y; L) stand for the (finite) set of 
all distinguished triangles 

if,g,h) : X-^L^^Y^^TX , 

and let -F^ y be the cardinality of the set of orbits in W{X, Y; L) under the natural 
action of Aut{X) x AutiY). Of course, the definition of y strongly ressembles 
that of Hall numbers of abelian categories. Unfortunately, contrary to what one 
might hope at first, the numbers y ^'i"^ not the structure constants for an asso- 
ciative algebra. Nevertheless, the difi'erences 7^ ^ = F^ y — Fy are, "at q= 1", 
the structure constants for a Lie algebra as the following first main theorem of 
[PX2] states : 

Theorem 5.15 (Peng-Xiao, [PX2]). Put g(g_i) = g/(g - l)g (a 'L/{q - 1)Z- 
module). The following brackets 

[\iX, [Y\\ = - [[F],hx] = -(hx,hy)[y], 
[hx,hr] =0 

endow g(g-i) with the structure of a Lie algebra. 

We will call this Lie algebra the Peng-Xiao Hall Lie algebra of the category A. 
Let us now assume that A = Rep^Q for Q an arbitrary quiver. As usual, as soon 
as Q is not of finite type, the Hall Lie algebra is too big. Define the com,position 
Lie algebra CC{A)(q-i) as the subalgebra of g(./l)(g_i) generated by the elements 
{[S], \TS]} where S runs among all simple objects of A. To define a generic form of 
CC{A)[q-i), defined over Z or C, we consider the product over all finite extensions 

E^Vq 

n = \{^{A\\E\-i) 

E 

and let CC{A) be the Z-Lie subalgebra of H generated by elements {[•S'^], [TS'^]}, 
where S again runs over all simple objects of A. This is a free Z-module. 
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Theorem 5.16 (Peng-Xiao, [PX2]). The Lie algebra CC{A) (gizC is isomorphic to 
the Kac-Moody algebra g' associated to the quiver Q. 

Remarks 5.17. i) One may alternatively define CC{A)(q-i) as the Lie subalgebra 
generated by the classes of all exceptional indecomposable objects in A (recall that 
an object M is called exceptional if Ext^{M, M) = {0}). This definition has the 
advantage of being absolutely intrinsic to the 2-periodic derived category D^{A)/T'^ 
(i.e. independent of the choice of an abelian subcategory A). 

ii) The Hall Lie algebra g(^)(g_i) and the spherical Lie algebra £C(^)(q_i) of 
the category A = Coh{\p^x) of coherent sheaves on a weighted projective line 
have been studied in [CB2] and are strongly related to loop algebras Cq of star- 
shaped Kac-Moody algebras, as one can expect given the results of Section 4.6. The 
spherical Lie algebra plays a key role in Crawley-Boevey's proof of the important 
Theorem 4.27. 

iii) Using a small variant of the constructions of Peng and Xiao, Lin and Peng 
consider in [LP] the composition Lie algebra in the case A = RepkA., where A is a 
tubular canonical algebra, a certain finite-dimensional associative algebra of global 
dimension two, which is derived equivalent to Coh{Xp^x) for Xp^^ of elliptic type. 
They show that £C{A) is isomorphic to an elliptic Lie algebra £g of type D4,Eq, Ej 
or Eg. This result, which appeared at the same time as and independently of [S3], 
is another illustration of the principle according to which the Hall algebras of two 
derived equivalent categories have isomorphic "doubles" . 

5.6. Kapranov and Toen's derived Hall algebras. 

The work of Peng and Xiao associates to the 2-pcriodic derived category D^{A)/T'^ 
of any finitary category of finite global dimension A a Lie algebra. If instead of the 
2-periodic derived category one considers the whole derived category D^{A) then 
it is possible to define an associative algebra, very reminiscent of Hall algebras, and 
which is an invariant of the derived category. This is done by Kapranov when A is 
hereditary and by Toen for any abelian category A of finite global dimension (the 
two constructions are closely related but not equivalent). We briefly present these 
and refer the reader to [K3] and [T] for details : 

Let .4 be a finitary, hereditary category, and let H_4 and be the Hall algebra 
and extended Hall algebra of A. Kapranov's idea is to associate to D'^{A) a kind 
of "universal covering of the Drinfeld double" of A, in the same way as one would 
like to associate to the 2-periodic derived category D^{A)/T'^ the Drinfeld double 
of H^. 

If M*,N\R* are objects of D^{A) we let W{M* ,N*;R*) stand for the set of 
exact triangles 

{f,g,h) : TV— Ui?.^^M'^^7V[l] 

and put 

\W{M',N-;R-)\ 

\Aut{M*)\-\Aut{N*)\' 
By definition, the Lattice algebra L{A) is the associative C-algebra generated by 
elements [M](*) for M e Ob(.A)/ ~ and i e Z, and for a e K{A), subject to 
the following set of relations : 

kak/3 = k„+;3. 
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k„[M]«k-i = (a,M)(-i)*[M]«, 
[Mf^[Nf^ = {M,N) PmM^^^^ 

ReOhiA) 

[M]W[7V](^+i) = J2{M -P,N- Q)i^3;iyki;S[Q](^+i)[P]«, 

P,Q 

From the definitions, it is clear that the assignement [M]*^*) i-^ [M]'^*+^'', ko, i-^ 
k~^ gives rise to an automorphism S : L{A) ^ L{A). 

Proposition 5.18 (Kapranov, [K3]). Lei K be the suhalgehra generated by elements 
ka for a G K{A), and let L^'^\A) be the subalgebra of L{A) generated by [M]^*) 
for M e Ob{A)/ . Then L'^'^\A) is isomorphic to the Hall algebra and the 
multiplication map 

K®(g)LW(^)^L(^) 
is an isomorphism of vector spaces. 

In the above, stands for the direct sum of all finite tensor products 

(g) • • • (g) L("'-)(^) for ni > 712 • • • . Hence L{A) is made up of infinitely 
many copies of the Hall algebra H^, one for each abelian subcategory A[i] for 
i € 1,. Moreover, the Hall algebras associated to categories A[i] and A[j] with 
|i — j| > 2 (so that A[i] and A[j] are orthogonal) essentially commute with each 
other. 

The important point concerning the above algebraic construction is its invariance 
under derived equivalences : 

Theorem 5.19 (Kapranov, [K3]). Let B be another finitary hereditary category 
and let F : D''(B) ^ D^{A) be a derived equivalence. Then the correspondence 

[M]W ^ E'[i^(M)], k;3^k^(^) 

extends to an isomorphism of algebras, where if F{M) = •••—> A^j —> A^i+i — > • ■ • 
is a complex of objects of A then [F{M)] := n.[if'(F(M))](-*). 



Let us now turn to the constructions of Toen. Here, we let A be an abelian 
category satisfying the following finiteness conditions : 

i) A is of finite global dimension. 

ii) For any two objects M, N e Oh{A) and ?' > we have \Exf{M, N)\ < oo. 
Let X denote the set of objects of D^{A), up to quasi-isomorphism, and let 

H£)t(_4') be the free C- vector space with basis [M],M € X. Toen found in [T] the 
right way to "count distinguished triangles" in order to endow Hj3i,(_4) with the 
structure of an associative algebra. 

Let as before W{M*, N*; R*) stand for the set of all distinguished triangles 

if,g,h) : AT'— Uii'^^M*— 

and let {N\R*)m' be the set of orbits of W{M',N*;R*) under the action of 
Aut{M*). We define 

J,. _ \{N',R')m'\ jt \Hom{N*[i],R*)\(-^y 
\Aut{N*)\ ' i-hHom{N'[i\,N')\(-^y 
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Theorem 5.20 (Toen, [T]). The following defines on the vector space H£)6(_4) the 
structure of an associative algebra : 

[M']-[N'] = Y,9^'',N'[R']- 

Of course, since H£)6(-_4-) is defined directly in terms of D''{A) without any refer- 
ence to the abehan category A itself, it is perfectly invariant under derived equiv- 
alences. In addition, it is clear that H£,i>(^) contains the usual Hall algebra 
(where we ignore the twist by the Euler form ( , ) ) of the abelian category A. The 
same holds for the Hall algebra of the heart of any t-structure on D''{A). 

Remetrks 5.21. i) The definition of the derived Hall algebra H^jt^^-j makes sense 
and is valid for an arbitrary finitary triangulated category of left-finite homological 
dimension, that is such that Hom{M[i],N) is finite for all objects M and N and 
zero (for fixed M and N) whenever i ^ 0. Toen's approach makes use of homo- 
topy theory and djf-categorics techniques; a proof of Theorem 5.20 entirely in the 
language of triangulated categories can be found in [XX] . 

ii) Both Kapranov's lattice algebra and Toen's derived Hall algebra are related not 
to quantum groups but rather to "universal coverings" of quantum groups (see [K3] 
for a precise definition). 
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Windows. 



To bring these notes to a conclusion, let us briefly mention some possible direc- 
tions for future research. 

Hereditary categories, up to derived equivalences. As these notes hope to show, the 
Hall algebras of the categories of representations of quivers, of coherent sheaves on 
weighted projective lines and of coherent sheaves on elliptic curves are now rather 
well understood (a more honest statement would be that the composition algebras of 
these categories are rather well understood). If one believes the various conjectures 
made in Section 5.3. then the same could be said of any hereditary category which 
is derived equivalent to one of the above. A deep theorem of Happel [H2] and 
Happel-Reiten [HR] gives a complete classification, up to derived equivalence of 
hereditary fc-linear categories containing a tilting object, for an arbitrary field k. 
For k algebraically closed, these are precisely the categories RepkQ and Coh{Xp,x) 
studied in Lectures 3 and 4. For k a finite field, one has to consider in addition 
species (equivalently, quivers with automorphisms), and an analogue of species for 
weighted projective lines. It would be interesting to compute the Hall algebras of 
these variants of weighted projective lines, in the hope of obtaining in this fashion 
certain loop algebras of non simply laced Kac-Moody algebras. 

The situation for hereditary categories which do not possess a tilting object is 
much more mysterious : only the limiting case of an elliptic curve is known. Unrav- 
eling the structure of the Hall algebra of higher genus curves (possibly weighted) 
seems like an important problem (see Section 4.11., and Section 2.5. for the relation 
to number theory and automorphic forms). By Happel's theorem, we may represent 
the set of hereditary categories, up to derived equivalence, in the following way : 



hyperbolic type 



Coh{X), higher genus 
I curves 



Coh{Xp,x) 
elliptic type 



Coh{X), X elliptic curve 



RepkQ 
finite type 



Co/l(Xp,A) 

parabolic type 

RepkQ 
tame type 



RepkQ 
wild type 



Higher dimensional varieties-derived setting. These notes are almost entirely de- 
voted to the problem of describing the Hall algebras of hereditary categories, but 
the definition of the Hall algebra (as an algebra) is valid for any finitary category. 



104 



OLIVIER SCHIFFMANN 



Up to our knowledge, except for the work of Lin and Peng [LP] which deals with 
certain categories of global dimension two which are derived equivalent to heredi- 
tary categories, not a single example of a Hall algebra of a category of higher global 
dimension has been computed. The first geometric example which comes to mind 
is that of Coft.(P^). Of course, it is necessary to restrict oneself to a well-chosen 
'spherical' subalgebra Cp2 C Hp2- one could take for instance the subalgebra gen- 
erated by elements lr,d,c: sum over all sheaves of rank r, degree d and first/second 
Chern class c, for all values of r, d and c- but there may be other choices as well 
(taking into account the singularities of the moduli spaces in question, for instance). 
Moreover, since there is no more reason to expect that Cp2 is half of something 
interesting, it is probably better to consider the Hall algebra of Z)^(Co/i(P^)), in 
Toen's version (Section 5.5.) or in Peng and Xiao's version (Section 5.4.). Finally, 
there is another crucial difference with the one dimensional situation: the moduli 
spaces of objects in a category of global dimension > 1 tend to be intrinsically 
singular; this has to be taken into account one way or another. 

Singular curves- derived setting. What about Hall algebras of singular curves, for 
example a reducible curve xy = or a nodal curve ? The category Coh(X) for X 
a singular curve is of infinite global dimension, and it seems more natural to study 
its Hall algebra in the derived setting than in the abelian setting. When X is a 
rational curve with simple double points or transversal intersections, Burban and 
Drozd have given a classification of indecomposable objects of D^{Coh{X)) (see 
[BD]). Of course, when X is reducible, the Hall algebra of Coh{X) contains as a 
subalgebra the Hall algebra of Coh{Z) for any irreducible component Z of X , but 
it is the relation between these subalgebras which remains to be understood. 

The x-Hall algebra. Lusztig introduced in [L7] a variant of the Hall algebra, in 
which one replaces the number ^ of subojects of an object B of type N and 
cotype M by the Euler characteristic xO^m n) ^f the (constructible) space of all 
such subobjects. Of course, one needs to prove the existence of a well-behaved 
space xi^M n) parametrizing such subojects (this is easy to do for categories of 
modules over a finite-dimensional algebra, or for categories of coherent sheaves on 
a projective curve). When applied to the category RepkQ for some quiver Q one 
obtains in this way the classical (i.e. non quantum) enveloping algebra U(fa(|^). The 
case of the categories Coh{X) for X a weighted projective line hasn't been treated 
but it is highly likely that one obtains U(£fa+). Recently, Xiao, Xu and Zhang 
have given the definition of the x-Hall Lie algebra of a triangulated category of 
arbitrary finite global dimension (see [XXZ]). For higher dimensional varieties such 
as ^ = Coft,(P^) or for singular curves this Lie algebra might be easier to study 
than Peng and Xiao's Hall Lie algebra (Section 5.4.). The x-Hall algebra appears 
in recent work of Joyce [J2] and Bridgeland-Toledano-Laredo [BTL]. 

Kapranov's Hall category. Let ^ be a finitary category. Let A^''^° be the abelian 
category whose objects are the objects of A and whose morphisms are the iso- 
morphisms in A. Following Kapranov [K4], one may consider the category Ha of 
functors F : A ^ Vecr^ for which F{M) = {0} for almost all M. This category is 
equipped with a monoidal structure, defined as follows : 

{FQG){M)= F{M/N)<»G{N). 

NCM 

For instance, in the simplest case ^ = F,, an object of Ha is given by a collection 
of representations of GL{n,¥q) for n e N (the images of the vectors spaces fc" for 
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n € N ). The monoidal structure is given by the parabolic induction functor : if 
F G ObjiJiX) corresponds to a representation V of GL{n,¥q) and G e ObjiJiX) 
corresponds to a representation W of GL{m, Fq) then FqG is associated to the rep- 
resentation Indp^^"^"^ (ViSiW) , where P{n, m) is the maximal parabolic subgroup 
of GL{m + n) of type n, m. 

This definition is clearly a "categorification" of the notion of a Hall algebra : the 
space of functions Ohj{A) — > N is replaced by the space of functors A Vecw^, 
addition is replaced by © and multiplication is replaced by (g). Note that for general 
categories, just as the Hall algebra is not commutative, so arc F Q G and G Q F 
not isomorphic. Even when they are, i.e. when there exist functorial natural 
transformations /3f,g : F Q G ^ G Q F endowing Ha with the structure of a 
braided monoidal category, we may have ftp^c o i3g,f 7^ Id. This is for instance the 
case for A = Vecp^ . Describing the Hall categories of quivers or curves seems an 
intersesting and challenging problem which is, up to my knowledge, still untouched. 

Hall algebras and cluster algebras. Fomin and Zelevinsky introduced around the 
year 2000 a fundamental new class of (commutative) algebras associated to an an- 
tisymmetric square matrix, [FZ]. Such a matrix may also be constructed from a 
graph or from a quiver Q. When the quiver Q is a Dynkin diagram of finite type, 
the structure constants of the associated cluster algebra are shown in [CC] to be 
some kind of Hall numbers (evaluated at g = 1), not for the category of representa- 
tions RepkQ but rather for the so-called cluster category = D^{RepkQ)/T~^o[l]. 

Here t is the Auslandcr-Rcitcn transform on (RepkQ) and [1] is the shift functor. 
Note that is not abelian, but it is still triangulated. Its indecomposable objects 
are in natural bijection with a set of generators for A^. This makes it tempting to 
try to realize A^ as some sort of "Hall algebra" (at q = 1) of C^. We refer to the 
paper [CK] for more in this direction, and for some important applications to the 
structure theory of cluster algebras. 

Lusztig and Nakajima quiver varieties. The theory of Hall algebras of quivers 
finds a very natural and important continuation in the work of Lusztig (see e.g. 
[L8]) and Nakajima (see [Nl]), among others. By considering a convolution-like 
product on various spaces of functions on the cotangent bundle to the "moduli 
space" X of objects in RepkQ Nakajima and Lusztig realize directly the whole 
enveloping algebra U(0) as well as all the integrable highest weight representations 
of 0. Generalizing this theory to other abelian categories (such as Coh{X) for 
smooth projective curves or Coh{Xp^x) for weighted projective lines), or even for 
an arbitrary abelian or triangulated category of finite global dimension seems very 
interesting and very promising (and most likely very difficult). The companion 
survey [S5] gives an exposition of Lusztig's theory. 
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Appendix. 

A.l. Simple Lie algebras. 

We will only consider Lie algebras over C. An excellent reference for all the results 
quoted below is [S7]. Let g be a finite-dimensional simple Lie algebra, (i.e. a Lie 
algebra which has no nontrivial ideals). To unravel the structure of g we consider 
the adjoint representation : 

g End{g) 

x^adx ■ {y>-^ [x,y]) 

Recall that an element x S g is semisimple if adx is a semisimple (diagonalizable) 
operator in q. A Cartan subalgebra is a maximal commutative subalgebra f) C g 
consisting of semisimple elements. There are many such subalgebras, but they 
are all conjugate under the ac;tion of Aut{Q). Any element /i € f) gives rise to 
a decomposition of g into ad/j-eigenspaces, and since [) is commutative there is a 
simultaneous decomposition g = ®aet)* 0" where 

3a — {x & Q \ [h, x] — a{h)x for all h S f)}. 

Of course since g is finite-dimensional the spaces g^ are zero for all but finitely 
many values of a € I)*. A nonzero clement a G ()* such that g^ ^ {0} is calkxl a 
root of g and the set of roots A = {a e f)*\{0} | g^ {0}} is called the root system 
of g (relative to f)). The Z-span Q = Y^Za of the roots is the root lattice of g. 
Finally, 1} is equipped with a natural symmetric bilinear form defined by (/?, h') = 
TrEnd siddhadh') called the Cartan-Killing form. This form is nondegenerate, and 
it therefore induces a form ( , ) on I)*, also called the Cartan-Killing form. 

Theorem A.l. The following hold : 

i) We have go = f) and dim{Qa) = 1 i/a € A, 

ii) A spans f)* and if x £ A then —x G A. 

iii) There exists a real structure fjj^ C i)* such that A C i)^, and the restriction 
of the Cartan-Killing form to f)^ is positive definite. 

The Jacobi identity implies that [ga,g/3] C Qa+i3- In other words, g is graded by 
A and by property i) above, the decomposition 

g = e ga 

gives an accurate "skeleton" of g. 

Example A. 2. Let us first consider the case of g = sI„(C). For f) we may take the 
space of all traceless diagonal matrices 



/di ••• 0\ 
^2 ••• 



\0 ••• dnj 

Let ei be the linear form on f) such that ei{Diag{d\, . . . ,dn)) = di. We have 
V — ®i Cci/C ■ {J2 The root system and root spaces are given by 

A = {ci - I i 7^ j}, g^.-e^ = CEij, 

where Eij denotes the elementary matrix. The Cartan form on f)* is simply given 
by (S Uiei, Viei) = ^iVi and we may take f)M = Yij ^{^i - ^j)- 
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For instance for n = 2, we have f)* ~ C, and A = {a, —a} where a = ei — €2 ■ 



A= 



a 



while for n = 3 and taking into account the Cartan form on [)*, the root system 
may be depicted as foUows : 



ei - £2 



ei - £3 




£3 - ei 



£2 - ei 



A 



Example A. 3. Let us now consider the case of = S02ra(C) (for n > 3), which we 
view as the set of all matrices 



SO27, 



X Y 
Z -X* 



x,Y,Z€g[„{C), y* = -y, 



(this is equivalent to the usual definition as traceless antisymmetric matrices). We 
may take 



I) 



/di 

d2 







-di 



> . 



VO ••• dnj 

Then t)* = Ce^ where ei{Diag{di, . . . = di. The root system and root 

spaces are now 

A = {±ei ±ej\i< j}, 

Qu-tj = 'C{Eij — En+j,n+i), Qei+ej = 'C{Ei^n+j — Ej^n+i), 



0- 



The Cartan form on f)* is again given by (X^ WiCi, ^ tijCi) = X^UiVi and we may 

take f)M = X^jMe,. 

A 



As the above examples suggest, the set A has a large group of symmetries. Let 

W C Aut{f)*) be the group generated by the set of orthogonal reflections Sa with 
respect to the hyperplanes perpendicular to the roots : 

Sa & Aut(h*), Sa(x) = X - 2 f Q. 

{a, a) 



This group is called the Weyl group of q. 
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Proposition A. 4. (Weyl). The group W is finite and preserves the root system 
A. 

Morally, the Weyl group is the group of symmetries of q (although the action on 
A doesn't directly lift to an action on q). 

Quite remarkably, it turns out that the data of ()* equipped with the Cartan- 
Killing form and with the root system A C f)* completely characterizes the Lie 
algebra g. In fact, as we will explain below, starting from this data, one can write 
down a rather simple presentation of Q by generators and relations. 

To see how this is done, let us try to find a minimal system of Lie algebra 
generators for q. Since [Sq, fl/j] C Qa+e, the picture of the root system suggests the 
following method : pick any hyperplane H C i)^ which does not contain any root 
and call [}^, [}1 the two half-spaces delimited by H. This divides the root system 
A into positive and negative halves A = A+ U A~, corresponding to nilpotent 
subalgebras 

n+ = fla, n- = 0a 

of g. Now choose a root ai € A+ closest to H, then a root 0:2 next closest to H, 
and so on, and stop as soon as A+ c Nai + Na2 • • • + Na^. 

Proposition A. 5. (Cartan). The roots ai, . . . are linearly independent and span 
[)*. In particular, r = dim I). Moreover q^i , ■ ■ ■ , Qa^ generate n+ as a Lie algebra. 

The roots {ai, . . . ,ar} are the (positive) simple roots. It is important to note 
that this (and hence also n+,n_) depends on the choice of H. Obviously, i{w€W 
then the set of simple roots relative to w ■ H is {wai, . . . , war}. In fact. 

Proposition A. 6. (Weyl). The Weyl group W acts simply transitively on the 
collection of sets of simple roots. 

Any root a G A"*" may be written as a positive sum a = ntai with Ui G N. 
Moreover, there is a unique root a € A"*" for which ^ Ui is maximal, called the 
highest root and denoted 9. 

Example A. 7. Let us go back to Example A. 2. In that situation, it is easy to 
check that the reflection s^^-^- acts on A by permutation of the indices i and j. 
The Weyl group is thus canonically identified with the symmetric group S„. 

The collection 11 = {ej — Cj+i |z = 1, ... n — 1} is a set of simple roots, and the 
corresponding nilpotent subalgebra is simply the space of upper triangular matrices. 
Setting ai = Ci — e,+i, we see that the set of positive roots is 

A+ = {ui + ai+i H \-aj \i < j} 

and the highest root is ^ = ai H h a„_i. 

This is by no means the only choice for 11. For instance, for n = 3, and for the 
choice of hyperplane H below, the set of simple roots is 11= {ei — 63,62 — ei}, and 
the highest root is 62 — 63. 



ei - 62 



H 



(1^ £3 



63-62 



62-63 
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Here there are all together 6 possible choices of sets of simple roots, one for each 
region of f)* cut out by the lines generated by the roots. A 

Example A. 8. Let us turn to Example A. 3. The collection 

n = {e^ - Cj+i \ i <n}U {e„_i + e„} 

is a set of simple roots. If we set a, = ej — Cj+i for i < n and Q!„ = e„_i + e„ then 
the set of positive roots is 

A+ ={ai + Q:,+i H h \ i < j < n}U {ai -\ h a„_2 + a„ | « < n - 2} U 

Ll{ai + h Qn-2 + an-i + an \ i < n - 2} 

U {{oi H h 2q:„_2 +an\i <n-2}. 

As for the Weyl group is a little bit more complicated to describe. Any w €W 
induces a permutation of the indices {1, . . . ,n}, but also changes the signs. As an 
abstract group, W is an extension 

1 > (Z/2Z)"-i > W ^ 6n ^ 1 

A 



Let us fix one choice of simple roots n = {ai \ i = 1, . . . ,r}, and pick for each 
i a nontrivial vector ej G Qat- Set fji = [flai^fl-oi] C f). It is known that i)i is 
nonzero (hence of dimension one since g^. and Q-ai sue both of dimension one), 
that () = 0. and that there exists a unique hi S i)i such that ai{hi) = 2. Let 
/j be the unique vector of Q-ai satisfying [e,, /j] = hi. Observe that since ai — aj 
cannot be a root ii i ^ j , wc have [e^, fj] = for i ^ j. 

Set aij = ai{hj) and put these numbers in a matrix A = {aij)ij=i (the Cartan 
matrix of g). By construction, we have an = 2 for all i. One shows that the coeffi- 
cients of A arc integers, and that any off-diagonal entry Oy, i ^ j is nonpositive. 

To sum up, we have that q is generated by {ci, hi, fi \ i = 1, . . . , r} and that 
these satisfy the following set of relations : 

'[hi,hj] = 

(6.1) Vi,i, \[hi,ej]=a^iej 

[hi, Jj\ — djijj 
^ [^i) fj\ ~ ^ijhi 



It is clear that this set of relations is not enough; for instance the {e^ j's should 
generate n+ which is finite-dimensional, hence they should satisfy some relation 
between themselves. So the question arises as to which new relations one should 
add to get a presentation of g. There is an abstract answer given by : 

Proposition A. 9. Let A be the Cartan matrix of som,e simple Lie algebra, and 
letQ be the Lie algebra generated by elements {ei,hi,fi \ i = l,...,r} subject to 
the relations (6.1). Then there exists a unique maximal ideal I of q such that 

/nf) = {0}. 

As g is simple, it follows that if / is the ideal in the above Proposition, then 
— 5//. In particular, this shows that g is completely determined by its Cartan 
matrix A. As discovered by Serre, one can even spell out the extra relations to be 
added : 
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Theorem A. 10. (Serre). T/ie simple Lie algebra g is isomorphic to the Lie algebra 
generated by elements {cj, hi, fi \ i = 1, . . . ,r} subject to (6.1) together with 



(6.2) 



adi-"-(/i)(/i)=0 



These new relations are called the Serre relations. The ony question that now 
remains is : which are the possible values for the Cartan matrix A ? This is 
answered by the following Theorem : 

Theorem A. 11. (Cartan). An irreducible matrix A = (ay )[j^i with integer co- 
efficients is the Cartan matrix of a simple Lie algebra if and only if the following 
hold : 



(6.3) 



au = 2, aij < if i 7^ j, 



aij = aji = 0, 



and A is positive definite. 

By irreducible matrix, we mean a matrix which cannot be decomposed as a 
block diagonal matrix in a nontrivial way. The set of all matrices A satisfying the 
conditions in the above Theorem is well-known. To describe this classification, it 
is most convenient to "encode" the Cartan matrix A into a Dynkin diagram. This 
is done as follows : to each simple root is associated a vertex i, and two vertices 
i, j are connected by max{\aij\, \aji\} edges. In case \aij\ ^ \aji\ the integers |aij| 
and \aji\ are written on top of the vertices i and j respectively. 

Theorem A. 12. (Cartan). The set of Cartan matrices of simple Lie algebras 
correspond to the following Dynkin diagrams : 



Br '. 

Dr : 



O O- 



O O- 



o o- 



o o- 



o o o- 



-o- 
1 

-O: 

2 

-o: 



-o 

2 

:0 

1 

:o 




-o- 



-o 



Er: 



o- 



-o- 



o 

-o- 



-o- 



-o- 



-o 



Es 



o- 



-o- 



o 

-o- 



-o- 



-o- 



-o- 



-o 



o 
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1 2 

F4 : O O ^^^= O O 

1 3 

G2 : O O 

The index r in the diagram Xr indicates the number of vertices, (the rank of the 
corresponding Lie algebra). The above Dynkin diagrams are sometimes refcred to 
as finite type Dynkin diagram. The examples s[„(C) and 0O2n(C) are of type An-i 
and Dn respectively. The Dynkin diagrams corresponding to symmetric Cartan 
matrices (i.e. those without any number on top of vertices) are called simply laced. 
They are the types Ar,Dr,EQ, E-j and E^. 

A. 2. Kac-Moody algebras. 

These are infinite-dimensional generalizations of the simple Lie algebras described 
in the previous Section, introduced independently by Kac and Moody in the late 
60's. A standard reference here is [Kl]. For simplification, wc will only be con- 
cerned with symmetric (simply-laced) Kac-Moody algebras, which are the ones 
most relevant for us. 

The idea is to start with an irreducible, symmetric "generalized Cartan matrix" 
A = {aij) with integer coefficients, which is only subject to the conditions (6.3), 
namely 

an = 2, aij<Oifi^j, a^j = aji. 

A realization of A consists of a pair of vector spaces () and i)* in duality, sets of 
vectors 11 = {ai, . . . , a^} C I)* and 11^ = {hi, . . . , hr} C f) satisfying the following 
conditions : both 11 and 11^ are linearly independent, dim{\)) = 2r — rank{A), and 

cti{hj) = ttji for all i, j = 1, . . . ,r. 

Any two realizations are isomorphic. 

Let 5 be the Lie algebra generated by elements {ei,fi,h \ i = 1, . . . , r, h G f)} 
subject to relations : 

[h, h'] = 
[h,ej] = aj{h)ej 
[h,!]] = -ajih)fj 

[^i? fj] ~ ^ij^i 

Proposition A. 9 is still valid in this context, that is, there exists a unique maximal 
ideal / of g such that Jni) = {0}. The Kac-Moody algebra associated to A is defined 
to be = q/I. Perhaps more surprisingly, the analogue of Serre's Theorem A. 10 
also holds, though the proof is rather difficult : 

Theorem A. 13. (Gabber-Kac) The Kac-Moody Lie algebra q associated to A is 
isomorphic to the Lie algebra generated by elements {ci, fi,h \ i = 1, . . . ,r, /i € f)} 



(6.4) 



V i,j, and h Gl), 
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subject to the relations 

[h, h'] = 
[h,ej] = aj{h)ej 
^gg^ [h,fj] = -(Xj{h)fj 

i^i') fj] ~ ^ij^i 

ad^-"'' {ei){ej) = 
arf'-"-(/i)(/i)=0 
for all i,j = 1, . . . ,r and h, h' G I). 

Remark A. 14. When A is nondegenerate, f) = 0^ Chi, f)* = 0, Cccj and relations 
(6.4) coincide with (6.1). In general, it is necessary to introduce a realization of 
A (rather than setting directly i) = 0^ Chi) in order to have a reasonable weight 
theory. 

Much of the structure of simple Lie algebras can be extended by analogy to the 
Kac-Moody setting. The Cartan subalgebra i) still acts semisimply on g, and we 
define the root system to be 

A = {a e ri fla 7^ {0}}. 

The set A comes with a canonical polarization A = A+ U A^ where A* = A n 
±(0Nai) and — A"*" — . At the level of Lie algebras, this corresponds to a 
splitting g = n_ ® f} ©n+, where n+ (resp. (n_) is the subalgebra generated by the 
ejS (resp. by the /js). The root lattice is Q = 0^ Za, C t)*. 

Next, let ( , ) be a nondegenerate bilinear form on [) satisfying {hi, h') = ai{h') 
for i = 1, . . . ,r (again, there is a unique such form up to isomorphism), and let 
( , ) be the induced form on f)*. These are analogues of Cartan-Killing forms. By 
construction, we have 

{ai,aj)=aij, for i, j = 1, . . . , r. 

We define the Weyl group W of Q to be the subgroup of Aut{\)*) generated by the 
simple reflections Si where 

Si : X ^ X — (ai,x)ai. 

The Weyl group preserves the set A and is, by construction, orthogonal with respect 
to ( , ). 

Although, as we have said, Kac-Moody algebras ressemblc their finite-dimensional 
cousins in more than one way, there are still several important differences which 
we would like to insist upon. Let g be a Kac-Moody algebra which is not a finite- 
dimensional simple Lie algebra (i.e. A is not positive definite). Then : 

i) dim = oo and W is an infinite group, 

ii) Not every root a € A is PF-conjugate to one of the simple roots ai, . . . , ar, 

iii) There may be roots a € A with dim 0^ > 1. 

A root belonging to • H is called real and obviously satisfies dim 0^ = 1. 
A root which is not real is called imaginary, and may have higher multiplicity. In 
fact, determining the imaginary roots and their multiplicities of a given Kac-Moody 
algebra is a central, diSicult, and very much open problem in the theory. It is known 
that a e A is real if (a, a) = 2 and imaginary if {a, a) < 0. 
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There is a last fundamental difference between simple Lie algebras and Kac- 
Moody Lie algebras, which will is crucial for us in these notes. Call a subalgebra 
b = f)®nof0a Borel subalgebra if n = 0„£^^ Qa and ^+ is a "half" of A, i.e. 
A = ^f^. U while n = 0. 

iv) There may be Borel subalgebras b not conjugate to either of the standard 
Borel subalgebras b+ = f) ® n+ or b_ = f) ® n_. 

Example A. 15. Let us describe what is probably the most important class of 
(symmetric) Kac-Moody algebras besides the simple Lie algebras. These are the 
so-called ajjine Lie algebras, or affine Kac-Moody Lie algebras, and correspond to 
generalized Cartan matrices A which are positive semi-dcfinitc and have corank 
equal to one. One shows that the associated Dynkin diagrams (the simply laced 
affine Dynkin diagrams) are as follows : 




. O O O O O O O 

o 

. o o o o o o o o 

o 

Each of the above extended Dynkin diagram is obtained by adding one node 
to a (simply laced) Dynkin diagram of finite type. Traditionally, the simple root 
corresponding to this new node is called ao, and the new generators are called 
eojft-o and /o. Let xl^^ be one of the diagrams above. It is customary to denote 
the corresponding afSne Lie algebra by q, where Q is the simple Lie algebra of type 
Xn. A special feature of this Kac-Moody Lie algebra is that it has a very concrete 
realization in terms of the loop algebra Lg = g ^ C[t,t~'^] of g. We first consider 
the universal central extension 



^ Cc > 5' ^ Lg ^ 0, 
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of Lq. As a vector space, we have q' = C[t, t ^]) © Cc and the Lie brackets are 
given by 

c is central , 

[a; (8) i", y 1™] = [x, y] (g) + 5n,-m{x, y)nc. 
The affine Lie algebra is obtained as a further one- dimensional extension 

5 = ifl e Cc e ca, 

where [d, c] = and d acts on a loop x<Sit" via the derivation t^, i.e. 

[a,a;(8)i"] =na;(8)i". 

The Cartansubalgebraof is^ = f)®Cc©C(? and its dual is = [)* ©O+CAq, 
where 

f)^ = OffiCAo, ((5,9) = (Ao,c) = 1, (Ao,5) = (5,c) = 0. 

With these notations, we have ao = S — 9. 

The expression for the generators in this presentation are 

ei,fi,hi ^ ei,fi,hi G fl C Lgifi > 1, 

ea = .fe®t, fo^e0>git^^, hQ = c-hg, 

where eg G is a vector of highest weight, G g-e is such that {6$, fe) = 1, and 
he = [ee,fe]- 

Finally, let us look at the root system of g. Using the formula for eo, /o and the 
expression of ao in terms of 5, it is easy to see that the weight of an element a; (8> 
with a; G ga is a + n5. Hence, the root system is 

A = {A © Z5} U 1*5, 

where A is the root system of g. We have 

In particular, the weights nS for n 7^ are of multiplicity dim f) = rank{Q). These 
roots are precisely the imaginary roots of g. 

We illustrate this for g = £[2 by giving a picture of the root system : 



—a 


5. 


a 


-s . 





As an example supporting point iv) of the discussion concerning the differences 
between simple and Kac-Moody Lie algebras, consider the standard set of positive 
roots A+ , which lie inside the (infinite) surrounded region below 
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and which corresponds to the standard Borel subalgebra 

b+ = (sl2 «) tC[t]) ® Ce„ © i); 
and the "nonstandard" positive roots system <J>+ lying at the right of the hne below 



—a 



which corresponds to a nonstandard Borel subalgebra 

b = (e„ ® C[t, f-^]) ©([)«) tC[t]) ® [). 

It is clear that b is not conugato to b± under the affine Weyl group W since b± is 
finitely generated whereas (by weight considerations) b is not. 



A. 3. Enveloping algebras. 

Prom any associative algebra A we may obtain a Lie algebra {A, [ , ]) by simply 
setting [.T, y] = xy — yx for x, y G A. The enveloping Lie algebra construction goes 
in the other direction : it associates to any Lie algebra q an associative algebra 
U(0) which has the "same" representation theory. 

Let g be a Lie algebra. Recall that representation of g is a pair (V, p) where V 
is a vector space and p : q ^ {End{V), [ , ]) is a Lie algebra map. The universal 
enveloping algebra of g is the associative algebra U(g) equipped with a Lie algebra 
map i : Q ^ {\J{q), [ , ]), solution to the following (universal) problem : for any 
associative algebra A and any Lie algebra map p : q ^ {A, [ , ]) there exists a 
unique morphism of associative algebras : U(g) — > A making the diagram 



0- 



^A 



U(0) 



commutative. By definition, any representation of 5 extends to a representation (as 
associative algebra) of U(0). Vice versa, any representation of U(0) restricts to a 
representation of g so that g and U(g) indeed have the same representations. 
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In addition to the universal property, there is also an explicit construction of the 
enveloping algebra U(fl) : it is the quotient of the tensor algebra 

by the two-sided ideal generated by elements xy — yx — [x, y] for x,y & q. In other 
words, it is the unital associative algebra generated by elements of q subject only 
to the relations 

(6.6) xy - yx = [x, y] for x,y e Q. 

Let us fix a basis xi,X2, ... of g. Intuitively, relations (6.6) allow to "reorder" 
any product of the Xi's so that all xi appear before all X2, and so on. This is made 
precise by the following result, known as the Poincare-Birkhoff-Witt (or simply 
PBW) Theorem : 

Theorem A. 16. (PBW Theorem). Let Q be a Lie algebra and let xi,X2, • • • be a 
basis of g. Then the set 

{xi^Xi^ ■ ■ ■Xi^\r ii <i2 < ■ ■ ■ <ir} 
forms a basis o/U(g). 

This shows that U(fl) is always infinite-dimensional, and in fact has the same 
size as the symmetric algebra on g. 

Finally, any enveloping algebra has a canonical structure of a cocommutative 
Hopf algebra, completely determined by the conditions 

A(a;) =x^l + l^x, S{x) = -x, e{x) = 

for X £ g. 

Let us now assume that g is the Kac-Moody algebra associated to a symmetric 
generalized Cartan matrix A = {aij)1j^^, and let (f), f)*, 11, 11^} be a realization 
of A as in Section A. 2. By the Gabber-Kac theorem, g admits a presentation by 
generators {cj, /i,/i|i = l,...,r, /iGl)} and relations (6.5). Then the same gener- 
ators and relations give a presentation of U(g), this time viewed as an associative 
algebra. 

Let f),n+,n_ be the Cartan subalgcbra and positive, resp. negative, nilpotent 
subalgebras, so that there is a decomposition g = n_ ©[)©n+. We may consider the 
enveloping algebras U(f)),U(n+),U(n_) as subalgebras of U(g). Then the PBW 
theorem implies that the multiplication map gives an isomorphism of vector spaces 
U(n_)(g)U(t))i8)U(n-|-) ~ U(g). Of course, the same is also true for any nonstandard 
splitting g = n'_ ® [) © n'^ corresponding to a nonstandard set of positive roots, 
and in fact more generally for any splitting of g as a direct sum of subalgebras. 

Finally, the adjoint action of f) on g naturally extends to U(g), and there is again 
a weight decomposition 

U(fl) = 0U(g)„, 

where the weights this time belong to Q = 0,^ Zaj. The enveloping algebras of the 
standard Borel or nilpotent subalgebras have finite-dimensional weight spaces. 

A. 4. Quantum Kac-Moody algebras. 
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The quantized enveloping algebra of a Kac-Moody algebra g is a certain defor- 
mation, as a Hopf algebra, of U(0). Let again A = {aij)lj^i be a symmetric 
generalized Cartan matrix with realization (t), t)*, H, 11^). Let w be a formal vari- 
able, and C{v) the field of rational functions in v. The book [Jl] is a fine reference 
here. We will use the following standard notation : 
71" _ 1;-" 

[n] = = + v^-" + ■■■ + v"-^ + f", 

V — 

[n]! = [n]-[n-l]...[2].[l], 

and 

't 

r 



[t]\ _ [t].[t-l]...[t-r + l] 
[r]\.[t-r]\ [2]...[r-l][r] 



Define Vvis) to be Hopf algebra over C{v) generated by elements Ei,Fi for 
i = 1, . . . , r and v'^, for /i G f) subject to the relations 



(6.7) 



[Ei,Fj] 



^ij 1 



1 - Ui 
I 



1 - tti 
I 



1 — aij 

E(-i) 

1=0 

l—aij 

E(-i) 

for alH, j = 1, . . . , r and h,h' ei). 

The coproduct is given by the formulas 

Aiv'')=v''(»v'', A{Ei)=Ei(^l+v'' 
and the antipode is 



l — aij —I 



FlFjFl ' = 



1 Ei, A{Fi) = l®Fi + Fi(E)V- 



-hi 



SiE,) 



-hi 



Ei, 



S{Fi) = -Fiv''\ 



The relations (6.7) arc a deformation of those in (6.5), and these can be obtained 
back by setting v = 1. The last two relations of (6.7) are known as the quantum 
Serre relations. Giving the generators Ei,Fi and the weights aj,— a, and 
respectively defines on Uv{q) a grading by the root lattice Q. 

Let n±,b± be the standard nilpotent subalgebras of g. To these correspond 
the subalgebras U^(n±) of U^(£|) which are generated by {Ei \ i = l,...,r} or 
{Fi I i = l,...,r}. Similarly, to the standard Borel subalgebras b± correspond 
the quantized algebras U„(b±) generated by {Ei,v'^ \ i ~ 1, . . . ,r, h E i)} or 
{Fi,v'^ \ i = 1, . . . ,r, h £ t)}. Note that U„(b±) are Hopf subalgebras (i.e. stable 
under the comultiplication) but U„(n±) are not. 



The enveloping algebra U(0) is not commutative, but always cocommutative. 
Its dual Hopf algebra (in any appropriate sense) is thus commutative, but not co- 
commutative. The quantized enveloping algebra Uv{0) morally stands somewhere 
in between these two : it is neither commutative nor cocommutative. Moreover, as 
the following important Theorem of Drinfeld states, it is self-dual : 
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Theorem A. 18. There exists a unique Hopf pairing on Ut,(b+) such that 
It is nondegenerate. 

It is clear that U„(b+) and U„(b_) are isomorphic as algebras. Hence U„(b+) 

and Ut,(b_) arc put in duality with each other under the Drinfcld pairing above. 
This indeed means that, in the appropriate sense, U^(fl) is self-dual. We refer to 
the book [Jl] for details. 

Since U„(0) is defined over the field C(u), it is not possible to specialize directly 
V to any complex parameter 1/ € C* . To remedy this, we introduce following Lusztig 
[L5] the integral form XJ^^^ (g) of Uy (g) which is defined as the C[t;, t;~^]-subalgebra 
of U„(0) generated by elements w'* for /i e f) and the divided powers 

(„) ^ El („) ^ FT 

' [n]!' ' [n]\ 

for i = 1, . . . ,r and n > 1. By a theorem of Lusztig, U^^*(g) is a C[f , f ~^]-Hopf 
subalgebra of U^(s), free as a €[11, f ~^]-module, and we have U„(0) = U5J^*(0) (g) 
C{v). This allows us to define for any e G C* a specialization 

Ue(fl) :=Ur(0)|,=, 

which is a Hopf algebra defined over C. The integral forms UJj'^*(n±) and U^^*(b±) 
or the specializations Ue(n±) and Ue(b±) are defined in an analogous manner. 



To finish, we need to mention a slight variant of the quantized enveloping algebra 
Uu(fl) of a Kac-Moody algebra which often appears, and which is relevant to the 
Hall algebra business. Let Ut,(g') be the Hopf subalgebra of U„(0) generated by 
{Ei, FijV"^^^ I i = 1, . . . ,r}. Setting, as is customary, K^^ = v'^'^*, we may write 
the defining relations for U^(g') as follows : 



(6.8) 



K,EjKr^ = v'^^^Ej 

Ki — K^^ 
[Ei, Fj] = 5ij Y" 



E (-1)' 



1=0 

l—aa 



FiEjE^ 



1=0 



1 



1 — Oi 



The coproduct and antipodc read 
(6.9) A{Ki) = Ki®K„ A{Ei) ^ E,®1 + K,C^E, 
S{Ki)=K-\ S{Ei) = -K-'Ei, 



AiFi) = l®Fi + Fi®K: 



1 

i ' 



S{Fi) 



-FiKi. 



The algebra U,u(g') is a deformation of the derived subalgebra g' = [9,3] = 
n_ © 0jC/ij © n+, and is isomorphic to U„(0) when A is nondegenerate. It is 
also useful to consider the subalgebras U„(bj-) of U„(0') generated by {Ei,Kf^} 
or {F,,kf'}. 
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A. 5. Loop algebras of Kac-Moody algebras. 

As we have seen in Example A. 15., the affine Lie algebras g, i.e. the first class 
of Kac-Moody algebras beyond the simple Lie algebras, may be realized as the 
universal central extension of the loop algebra Lq = g ^ C[t,t~^] of a simple Lie 
algebra g. This suggests two possible generalizations. 

The first one is to take an arbitrary commutative C-algebra A, a simple (simply 
laced) Lie algebra g, and to consider the universal central extension gXoigA = g<SiA. 
According to a theorem of Kassel [K6], —9a® il^A/dA where il^A is the space 
of differentials on A and dA c Q^A is the space of exact forms. The bracket is 
given by 

Cl^A/dA is central 

[x ^ a,y ^ b] = [x, y] a6 + {x, y) {da)b 

When A — C[tf^, . . . , t^^] one gets the n-toroidal algebra studied by Billig [BB], 

Moody [MRY] and Rao [Rl] (sec [R2] for a survey). 

The second possible generalization is actually the one that will be relevant to 
these lectures. We let g be an arbitrary Kac-Moody algebra and we consider its 
loop algebra Lg = g ® C[t,t~^]. It turns out that it is not the universal central 
extension of Lg which we need here, but something slightly different. We use as a 
motivation a Proposition of Garland : 

Proposition A. 19. (Garland, [G3]). Let g be a simple Lie algebra. The affine Lie 

algebra g is isomorphic to the Lia algebra generated by {ej^fe, /j^fe, hi^k} for i G I and 
k gZ, and c subject to the following relations : 

[hi,k, hj^i] = kSk-ia^jC, 

{e-i,ki fj,i] = Sijhi^k+i + kdk,-ic, 

. [hi,k,fj,i] = -aijfj,k+i, 

(6.10) 

[ei,k+i,ej,i\ = [ej,fe, ej,;+ij, 

[fi,k+l, fj,l] = [fi,k, fj,l + l], 

[ei,ki , [giM , [• ■ • [ei,fc„ , e^y] • • ■ ] = if n = 1 - , 
[fiM ' [fiM > [• • • I fjA • • • ] = \in=l-aij. 

The isomorphism with g is induced by the assignement Cj^fc i— > ej t'',fi^k 
fi <8) t'', hi^k ^ hi®t^,c^ c. 

We now define the loop algebra Cg of a Kac-Moody algebra g to be the Lie 
algebra generated by {e^^fc, fi^k, hi,k} for i e / and k £Z, and c subject to relations 
(6.10). Of course, {a^ } are now the coefficients of the generalized Cartan matrix 
A of 0. The assignement a^k ^ ei t'',fi^k ^ fi^f^, hi^k ^ hi®t'^,c^ c gives a 
surjective morphism of Lie algebras (/> : £g — *■ g C[t, t~^\ © Cc, but this is usually 
not injective anymore. 

The algebra Cg is naturally Q = Q ® Z(5-graded, where Q is the root lattice of 
£1 : the elements ej^fe, hi^k the degrees + k5, —ai + kS and k6 respectively. It 
is shown in [MRY] that 



Ker(j)C jCg[a + kS]. 
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Hence the root system A of Cq is equal to that of g C[t, t ^] : 

A = {a + Z5 I a e A, ; G Z} U {W I Z e Z*} 
(but the multiphcities differ in general). 

Example A. 20. If is a simple Lie algebra then of course Cq = q. 



A 



Example A. 21. Let us now assume that q = go is itself an afSne Lie algebra. 

Thus wc arc considering the loop algebra of another loop algebra (of a simple Lie 
algebra) ! As shown in [MRY], one obtains in this way a double- loop or elliptic Lie 
algebra with universal central extension : 



where 



K =OiC[s±\i±i]/(iC[s±\t±i] 



with 



^s'"-H"ds ifn^O, 
-^s"'r-'^dt if m 7^0 



Explicitly, the bracket reads 



[x ® s"r, y ® s"' f ] = [x, + {x, y) 



m m 
n n' 



if {m,n) ^ — (m',n'), 

[x (g) s™*", y s"™i""] = [a;, y] + {x, y) {nt~'^dt + ms~'^ds) 

and K is central. The root system of Ego is 

A = {a + ldo + l'5\aG Aq, I, l' eZ}U {l6o + 1'5 \ (/, /') 7^ (0, 0)} 

where Aq is the root system of go- Observe that the center K is not concentrated 
in degree zero : we have deg{s~^ds) = deg{t~^dt) = but deg{km,n) = m^o + nd. 
It is useful to visualize the root system A as a Z^-lattice 



. . »(4o P {0}) + "^^0 + "'^ 

(jn, n) _ 



,(5o 



Over the vertex (0,0) sits the finite root system Aq while over any nonzero 
vertex (m, n) sits (Aq U {0}) + mSo + nS (to account for the imaginary weight space 
fjo^s^t"). 

The above picture makes the following remark obvious. 
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The group S'L(2,Z) acts by Lie algebra automorphisms on Sqq. 

Notice that for = flo the two "affinization" procedures (i.e. the one leading to 
toroidal algebras and the one leading to loop Kac-Moody algebras) give the same 
result. The elliptic Lie algebras Sqq and their root systems were first conceived by 
K. Saito in connection to the theory of elliptic singularities [SY]. A 

Now that we have defined the loop algebras Cg we will construct inside them 

certain suitable "positive" Borel subalgebras Cb+ along with the corresponding sets 
of "positive" roots A+ c A. Of course, since Cq is not a Kac-Moody algebra unless 
is a simple Lie algebra, there is no a priori notion of a standard Borel subalgebra 
or standard set of positive roots. In these lectures wc will only be concerned with 
a certain type of loop algebras (and the definition of £fa+ will only make sense for 
these). Let us assume that is a Kac-Moody algebra associated to a star-shaped 
Dynkin diagram 

O 




o. 



o 

where pi,p2, ■ ■ ■ ,pn indicate the lengths of the branches (including the central 
vertex). A quick glance at the tables in Appendices A.l. and A. 2. shows that all 
such diagrams are star-shaped, while among (simply laced) affine Dynkin diagrams 

only D^P = T2,2,2,2, e'^^ = ¥3,3,3, = ^4,4,2, E'i^ = T6,3,2 are. 

Let us label the vertices of Tp^ p^, by calling * the central vertex and {i,l) 

the I — 1st vertex of the ith branch, so that {i, 1) is adjacent to ★ for all i. The 
corresponding simple roots of are then a* and a!(i,;) . We have 

= Za(,,,) © Za^ © 15. 

i,l 

We will say that a nonzero weight A = ; Ci,ia(i,;) -|-c*a* + C5(5 is positive if > 
or c* = and cs > 0, or = = and Cij > for all {i,l)- We simply set 
A+ = A n 0+ where Q"*" is the set of positive weights. Finally, we define the 
positive Borel subalgebra of Cq to be 

£b+ = t)ffi CQ[a], 

and the positive nilpotent subalgebra of Cq to be 

£n+ = Cg[a]. 
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Example A. 23. Let us first look at the simplest example Ti = Ai, i.e. q = sl2. 
Thus Cq = sl2 and = Z^^ ® ZS. In that case 

Q"*" = {na* + m6 | n > or n = 0, m > 0}, 

A+ = {a + I m e Z} U {m5 | m > 0}. 
Thus £b+ is the nonstandard Borel subalgebra considered in Example A. 15. 

A 

Example A. 24. Let g be an arbitrary simple Lie algebra so that Cq = g. To the 
branches of Tpj^...^p„ excluding the central vertex correspond subalgebras Qi, . . . , Qn, 
with Qi —slp.. There is a natural embedding Qi = CQi C Cq and we let n!,. sand for 
the standard positive nilpotcnt subalgebra of g^. Next, let n+ C g be the standard 
positive nilpotent subalgebra and let n* C n+ be the Lie ideal generated by (this 
is also the nilpotent radical of the maximal parabolic subalgebra associated to 
Then 

Cb+ = ^® 0n; © (n* ® <C[t,t-^]), 

i 

and 

£n+ = 0n;©(n*0C[t,i-i]). 

i 

Hence in this case Ch+ is some kind of hybrid between the standard Borel subal- 
gebra and the algebra b+ ® C[f, t~^] of loops in the finite Borel subalgebra. 

A 

The explicit description of £b+ when q is affine, i.e. when Cq is elliptic, is more 
complicated and we prefer to leave it to the intrepid reader. 



A. 6. Quantum loop algebras. 

These are deformations of the enveloping algebras of the loop algebras Cq associ- 
ated to a Kac-Moody algebra q. Again, the starting point is a new presentation of 
the quantum affine algebra Uy(QQ)^ where go is a simple Lie algebra. This will be a 

deformation of Garland's relations (6.10). 

Proposition A. 25. (Drinfeld, [D], Beck, [B2]). Let Qq he a simple, simply laced 
Lie algebra with Cartan matrix A = (aij). The quantum group U„(go) is isomorphic 

to the <C{v)-algebra generated by Eij,Fij, for i G IJ € Z and Kf^,Hi^n for i G 
I,n gZ* and C^^/^ subject to the following set of relations : 

C^^"^ is central, 

[21] - 



_1 ? 
V — V ^ 



[Hi,i,Ej,h] = ][laij]C-^^^/^Ej,k+i, 



(6.11) [H,,i,F,,,] = -hla.,]C\'\/^F, 



^ r^'iji^ - j,k+l 



Ei^k+iEj^i — v""'^ EjjEi^k+1 = v""'^ Ei^kEj^i+i — Ej^i+iEi^k, 
Fi,k+iFj,i — v~"''^ FjjFi^k+i = Fi^kFj^i+i — Fj^i+iFi^k, 
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t=0 

1 — aij 



Symfe„...,,„ Y (-1)* 



t=0 



Ei^ki ' ' ' Ei^ktEj^lFi^kt+i ' ' ' ^i^k 



■■Fi. 







where Symj,^ j,^ denotes symmetrization with respect to the indices ki, . . . ,kn, 
and where tpi^k (in-d cpi^k are defined by the following equations : 



(CXJ 
{v - w"^) Y ^>'^k1 
/v^^u k=l 

(oo 
- {v -v-^)YHt,-kU 



Note that the above gives a presentation of U„(0o) (known as Drinf eld's new 
realization) as an algebra only. To describe explicitly the coproduct in terms of these 
generators seems a rather difficult problem (see [H8]). Nevertheless, it is possible 
to define a new coproduct on Uv(go) (known as Drinfeld's new coproduct), which 
is much more suited to the above presentation as the old one (see [CP] or [H4] for 
applications to representation theory of quantum affinc algebras). 

Proposition A. 26. (Drinfeld). Introduce other elements Cfv^fi for I > l,i G I 
via the formal relations : 

1 + Y.^tis^' = K^^expf ± (f-i - v)YHi,±rS^'^ 

1>1 ^ r>l 

1>1 ^r>l ^ -I ^ 

The sets {Kf^,Q,i \ i & 1,1 & 1*} or {Kf^,Ou \ i e 1,1 £ 1*] generate the 
same subalgebra o/U^(5o) as {^i^^^^i^i \ i G 1,1 G Z*}. Moreover, the following 
formulas define on Vyi^o) the structure of a topological bialgebra : 

(6.12) A{Ei^i) = Eij ® 1 + ^ Ei^i_t, 

t>o 

A{Fi,i) = l^Fi,i+Y Fi,i-t ® 
t>o 

Now let be an arbitrary (simply laced) Kac-Moody algebra. We define the 
quantum loop algebra Ut,(£g) to be the C(w)-algebra generated by {i^i,;, Fi^[,Hi^k} 
for i G 1,1 G Z, k G 1j* and {Ki, C} ioi i G I subject to the relation (6.11) above. 
If i/ G C* satisfies 7^ 1 then we also define \J,^{C2) to be the C-algcbra with 
same generators and relations but with instead of v. The formulas (6.12) for the 
coproduct define on U^(£0) and Ui,{£g) the structure of topological bialgebras. 



Finally, let us assume that the Dynkin diagram of g is star-shaped as in the end of 
Appendix A. 5. We will be interested in certain subalgebras Uv(£b+) and 'Uy{Cn+) 
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of \Jy{CQ), which are deformations of the subalgebras U(£b+) and U(£n+) which 
we defined previously. For any i = 1, . . . ,N, the elements P{i,i),s^H(^i^i)^^. 
1, . . . corresponding to the ith branch generate a subalgcbra isomorphic to 

U„(s[pJ. Let \5y{h'l) (resp. U„(n^) denote tlic standard positive Borel subalgcbra 
(resp. the standard positive nilpotent subalgcbra) of Ui,(s(pJ. We define \5r,{Cb+) 
to be the subalgebra generated by E^^^n for n € Z, 11^,^^ for r > 1, and by U„(n+.) 
for i = 1, ... A''. Similarly, \5y{Cn+) is the subalgebra generated by for n G Z, 
for r > 1, and by U„(n+ ) for i = 1, ... A/'. We do not claim that U„(£b+) is 
stable under the coproduct A. 

Example A. 27. Let us spell out for the reader's convenience the simplest example, 

namely q = 5l2- The Drinfcld generators arc Fi,E[,Hn for I £ "L^n E If and 
K^^,C. The subalgebra U^(£fa+) is generated by Ei,Hn for i G Z and n > 1, and 
K^^,C^^/'^. The presentation for U„(£b+) is as follows : 

C^/^ is central. 



Kt'\l = 



(6.13) 



KEkK-^ = v^Ek 



Ek+iEi — v^EiEk+i — v'^EkEi^i — Ei^iEk- 
In this situation, U„(£b+) is stable under the coproduct and we have 



(6.14) 
(6.15) 



s=0 

A{Ei) = Ei(S>l + Y^ OfC^'-'''^^ ® El 



t>o 



where Of are defined via the formal relations : 



l>i 



r>l 



l>i 



r>l ^ ' 



A 



Remark A. 28. When g is a simple Lie algebra, i.e. in Drinfcld's original context, 
Chari and Pressley found the right integral form U^'^*' (£0) in terms of the Drinfeld 
generators. This allows one to specialize the parameter v to any nonzero value v, 
including the interesting case of roots of unity. However, for us, v will always satisfy 
> 1 and we may use the more straightforward specialization as defined above. 
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